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ABSTRACT
PERIODIC PROPELLER FORCES IN UNSTEADY FLOW
by
Neal Alvin Brown
Submitted to the Department of Naval Architecture and
Marine Engineering on June 2, 1964 in partial fulfillment of the
requirements for the degree of Doctor of Philosophy.
Ship screws experience vibration inducing periodic forces
at blade frequency and its multiples because of their operation in
the circumferentially non-uniform flow field of the wake. These
forces are presently computed on the basis of either quasi-steady
analyses or stripwise application of the Sears function for the un-
steady lift of a two-dimensional airfoil subjected to sinusoidal
gusts. The quasi-steady analyses are correct only at zero frequency
while the unsteady strip theory is presumed correct only at high
frequencies because of the neglect of three-dimensional effects in
the latter.
Using a vortex sheet model, the linearized integral
equation for the bound vorticity of the blades is derived. This is
simplified by approximations analagous to those made by Reissner for
the plane wing. The difference between the downwash in the three and
two-dimensional flows is determined in a vortex line model of the
propeller. The analysis proceeds on the basis of computing a correc-
tion to the two-dimensional unsteady strip theory to account for
three-dimensional effects.
The downwash difference in the vortex line model is shown
to be calculable for any harmonic number by harmonic analysis of
certain functions which represent the angular distribution of the
contributions of the shed vorticity to the induced velocity.
The need for experimental data pertinent to the evaluation
of the theoretical analysis is noted. An instrumented shafting sys-
tem for the direct dynamic measurement of blade frequency thrust and
torque in the propeller tunnel is described. Results obtained in
tests in a carefully mapped axial velocity field with a blade order
harmonic content are presented.
Numerical results show that the three-dimensional analysis
is identical with the steady flow lifting line at zero frequency and
converges to the strip theory result at high harmonic numbers. For
the case considered, the strip theory yields a thrust only 15%
greater than the three-dimensional analysis at blade frequency.
Comparison with the results of computations made with the measured
flow field show that the experimental results are bracketed by the
predictions of the two and three-dimensional analyses.
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NOMENCLATURE
A = area
A1 = complex coefficient of n th term of circulation series
n
a = complex coefficient of m th term of inflow perturbation
series.
b = blade section semi-chord length
CL = complex lift coefficient
CISI = cosine and sine integral functions
D = vector distance defined in (2.5) and (2.6)
f = n th circulation series function
n
f s f = streamwise and radial vorticity kernel functions
defined in (2.10) and (2.11).
F = complex lift function defined in (4.19)
G = complex circulation function defined in (4.20)
h = blade section mean surface offset; also summation
increment as in (5.8).
i = \Fl the imaginary vector
i,j = panel indices
ill~ l= unit vectors in the (x,y,z) directions
Is' r = complex integrals over vorticity panels defined in
s r
(5.2) and (5-6).
J = propeller advance coefficient, defined in Figure '(.11.
JOJi = Bessel functions of the first kind
= reduced frequency, defined in (4.15).
k = blade index
viii
K = number of blades
Ko, Ki = modified Bessel functions of the second kind
KTKQ = thrust and torque coefficients, defined in Figure 7.11
A = wave length of disturbance
m = downstream summation index; term index in radial
polynomial representation of inflow perturbation.
M = a maximum value of m for downstream summation
n = circulation series term index
n = normal coordinate in curvilinear (s,r,n) system
N = harmonic number
p = /r = tan $
r = radial coordinate in (x,r,9) and (s,r,n) systems
rH = propeller hub radius
R= propeller radius
s = streamwise coordinate in (s,r,n) system
sL 5sT streamwise coordinates of leading and trailing blade edges
s= streamwise coordinate of blade midchord as fraction of
m
semichord length.
S ')r = streamwise and radial vorticity sum functions defined
in (5-5), (5.6) and (5.7).
t = time
u = axial perturbation velocity
-11 -+ -4
u ,u ,u = unit vectors in the (s,r,n) directions
srn
U = streamwise inflow velocity relative to a blade section
V = volts
= complex velocity normal to helical surface
w = induced velocity vector
"N = N th harmonic complex normal inflow perturbation velocity
2D =complex two dimensional normal downwash velocity
= complex three dimensional normal downwash velocity
wDD= w - W ,2 the downwash difference definedDD 3D 2
in eq. (3.1)
w2D= complex two dimensional normal downwash due to shed
vorticity
W = complex downwash difference due to unit circulation
x = axial coordinate of (x,y,z) and (x,r,Q) systems,
positive downstream
y = coordinate along axis coinciding with reference line
in index blade in (x,y,z) system
z = third coordinate in (x,y,z) system
a= initial value of argument in function to be summed,
eq. (5.8)
0= hydrodynamic pitch angle
y ,I = complex streamwise and radial vorticity strengths r
y = vorticity vector
= complex circulation
k= angular coordinate of k th blade
9 = angular coordinate in (x,r,Q) system, measured from
the start of a helix
LL' T = angular coordinates of the leading and trailing blade
edges
X= J/r, hydrodynamic advance coefficient
Le = micro strains
= dummy r coordinate, fluid mass density
a = dummy s coordinate
P = dummy 9 coordinate
= angular coordinate measured from reference line of
index blade
4* = transformed radial variable defined in (4.3)
w = circular frequency
0 = angular velocity of propeller
xi
CHAPTER I
INTRODUCTION
Hydrodynamic Propeller Forces Inducing Ship Vibration
The periodic vibration generating forces acting upon
the hull of a ship are due in general to the unsteady hydrodynamic
interactions of the hull and propellers. These interaction forces
may be classified as primary and secondary, each category consisting
of both surface and bearing forces; the secondary forces being not
necessarily of lesser importance than the primary ones. These forces
act at the blade frequency given by the product of the rotational
speed and the number of blades, and higher harmonics of this
frequency.
Of the' primary forces, the steady thrust and torque
producing circulatory loading of the screw, plus the fluid displace-
ment caused by the bulk of the blades create a pressure field which
rotates with the screw. Relative to the screw this pressure field is
time invariant,but relative to the fixed hull the flow is unsteady.
The pressure field rotating with the screw sweeps over nearby hull
and appendage surfaces-resulting in periodic forces. These are
strongly influenced by the clearance between the propeller and
affected surfaces because of the attenuation with distance of the
periodic pressure field. The forces of this origin can thus be
reduced to any desirable level by increased clearance where this
is possible.
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The second of the primary forces, the bearing forces, are
due to the operation of the propeller in the circumferentially non-
uniform velocity field of the ship's wake. The non-uniformity is
produced by the frictional boundary layer in the flow about the hull
primarily, but also to some extent by the potential flow. This wake
flow is steady relative to the hull but unsteady relative to the
rotating screw. In particular, the flow field relative to a screw
blade is periodic in one revolution. The inflow velocity at a point
of a blade is thus expressible in a Fourier series in time or angular
position of the screw. The wake flow corresponding to any particular
harmonic is, therefore, sinusoidally distributed spacially and thus the
blade can be considered to be experiencing a continuous sequence of
sinusoidal gusts.
The periodic forces on each blade due to the resulting
unsteady lift are summed over all the blades of the propeller.
Because of the symmetrical blade arrangement, these summations are
carried out selectively, resulting in general in six components of
forces and moments acting on the propeller shaft at the blade
frequency and the higher harmonics. The ship structure or machinery
is excited by these forces either at the stern tube bearing or
through the shaft itself.
These forces are not greatly effected by propeller-hull
clearance due to the persistance of the wake and require changes in
either the hull form or propeller form in order to reduce the
non-uniformity or its net effect on the screw.
- 2 -
The secondary interaction forces are more difficult to
describe or observe. One of these may be considered the forces on
the hull resulting from the impingement of the pressure fields due
to the unsteady lift of the propeller in the non-uniform inflow.
Another class, perhaps more important than the first, are the bear-
ing forces resulting from the presence of the hull and appendages in
the vicinity of the operating propeller. These may be presumed due
to the interference of these bodies with the flow patterns resulting
f"-- the steady circulation and blade thickness displacement of the
screw. Little is known of these effects.
We shall here be concerned with the bearing forces due to
non-uniformity of the inflow field.
Experimental Studies
A considerable number of experimental investigations have
been carried out measuring the various components of propeller
induced vibratory forces. The pioneering work in this area was done
by Lewis (1) who revealed the salient characteristics of the phenomena
involved by force measurements on a self-propelled model of a twin
screw passenger vessel. Total force measurements giving the sum of
the bearing and surface forces were made, the direction of the forces
being set at will by adjustment of the relative angular positions of
the two screws. The surface forces were measured separately by driv-
ing the propellers from a following model with no physical contact
between the screws and the forward model on which the forces were
measured. The bearing forces were found by vector subtraction of the
measured surface forces from the measured total forces. These
experiments revealed that for twin screw ships the surface forces
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were larger than the bearing forces, being primarily due to loads on
the bossings or struts in close proximity to the screw.
More recently, Lewis and Tachmindji (2) have applied these
same basic techniques to the measurement of vibratory forces on
models of single screw ships and,in two cases, to measurements on full
scale vessels. Results of model tests showed the surface and bear-
ing forces to be of approximately the same magnitude.
Measurement of bearing forces on self-propelled models
has been developed to a high degree by Wereldsma (3). The strain
gage instrumentation used has high natural frequencies making measure-
ment of higher harmonics of the bearing forces possible. Special
filtering techniques for the rejection of noise are necessary.
Extensive tests with this apparatus on a model of a single screw
tanker have yielded results showing the dependence of bearing forces
on the number and shape of propeller blades, the loading of the
screw, the aperture shape and clearance,and loading condition of
the ship. (4)
The effects of radical variations in ship after body
shape and corresponding propeller form on the thrust and torque
fluctuations, as caused by changes in wake distribution and clearance,
have been studied by van Manen and Kamps (5). Recently a propeller
dynamometer has been developed by this group which is capable of
measuring all six components of bearing force simultaneously (6).
Measurements of the dependence on blade area of the blade
frequency thrust and torque variations with four bladed propellers and
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side force and bending moment with five bladed propellers have been
made extensively for an ore carrier type vessel by Krohn (7) (8).
His findings of increased bearing force with increased blade area
are in agreement with those of van Manen and Wereldsma (4).
Comparative tests on identical ship and propeller models carried out
with the equipment of Wereldsma and Krohn show differences, however,
that point to insufficient natural frequency in torsion in the
latter (9).
Experimental work on propeller forces in the propeller
tunnel has been up to now limited primarily to the investigations of
Lewis (10). Here forces on a strut in proximity to the screw are
measured by an apparatus similar in principle to that used in the
early model tests. Primary surface forces on the strut are measured
while the screw runs under different loading conditions in open
water. The insertion of wake producing screens in the flow ahead of
the propeller yields the surface force on the strut due to the un-
steady pressure on the propeller, one of the secondary interactions,
by vector subtraction of the primary surface force.
The screw may be run on a shaft fixed in the strut while
driven by the tunnel shaft through a flexible coupling. The bearing
forces, at least the one perpendicular to the plane of the strut,
are determined by vector subtraction from the net resulting measured
force, the force obtained without connection between the propeller and
strut. In open water the interference bearing force is determined
in this manner. With wake producing screens the primary bearing
force is determined by vector subtraction of the open water forces
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from the measurements.
Propeller tunnel measurements have been made by Tachmindji
and Dickerson (11) of thrust fluctuations at blade frequency and
higher harmonics for a propeller in the stream of a wake producing
hydrofoil. There is some doubt concerning the validity of the
results because of the low natural frequency of the shafting system.
Analytical Investigations
The earliest computations of bearing forces made use of
quasi-steady analyses. In these the instantaneous values of the
blade forces are determined as a function of blade position as
though the flow were steady relative to the blade. The variations
with time which in the significant sense produce unsteady effects
are ignored.
A lifting line model for quasi-steady analysis is sometimes
used. Here the chordwise variation of the inflow is neglected, the
velceities being determined only along the lifting line. Steady
state means are used to compute induced velocities. Other methods
have been proposed which use the steady state operating characteris-
tics of propellers as determined from experiment. These so called
chart methods determine the thrust and torque per blade on the basis
of various averages of the inflow velocity over the radius and
chord of the blade for various blade positions.
The quasi-steady methods generally yield bearing forces
which are much larger than are actually measured except perhaps in
some full scale measurements, the validity of which are questionable.
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These procedures are illogical at the high frequencies to which they
are applied, as is well known, yet they continue to be proposed.
The first consideration of the propeller in a circum-
ferentially non-uniform flow as an unsteady phenomena was probably
that of van Manen (12). In his simple analysis, the inflow varia-
tions were taken equivalent to rigid body pitching and heaving
motions of the blade sections in a uniform flow. This unrealistic
model was not used in connection with bearing forces however.
The definitive study of the unsteady strip theory computa-
tion of propeller thrust and torque variations in circumferentially
non-uniform inflow was put forth by Ritger and Breslin (13). Here
the unsteady section lift is found by the stripwise application of
the Sears function for the lift of an airfoil in sinusoidal gusts,
according to the local values of the reduced frequency. Unfortunately,
there appears to be an arbitrary application of some three dimensional
correction factors to the lift from steady propeller analyses. Also,
there is considerable attention paid to such admitted second order
effects as surge, which unnecessarily complicates the analysis. The
Sears function is considered as a means of modifying the instantaneous
angle of attack for a lifting line model of the propeller in order
to modify the quasi-steady analysis. The effect of blade skew is
apparently not considered.
A comparison of the Ritger-Breslin method with experimental
results has been carried out by Tsakonas and Jacobs (14). Blade
frequency thrust measurements made on a full size single screw ship
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show rough agreement with the unsteady strip theory. Measurements
on a 1/25 th scale model show rough agreement with quasi-steady
theory. The wake distribution of the model is used and only ampli-
tudes are compared in both cases. The writer questions the validity
of these comparisons as well as the accuracy of the data used.
Amplitude comparison of results of the propeller tunnel
blade frequency thrust measurements of Tachmindji and Dickerson with
the theoretical prediction show better agreement with the quasi-
steady model than with the unsteady strip theory. The experimental
results, however, show generally greater amplitude than the quasi-
steady results, further casting doubt upon the value of these
measurements.
Krohn, in conjunction with his experiments, uses an
unsteady strip theory utilizing the Sears function, but arbitrarily
modifies the resulting lift at each section by application of the
Eckhardt and Morgan steady flow camber correction coefficients.
Comparison of the measured and computed blade frequency thrust
amplitudes for a four blade propeller show the computed values to be
less than the experimental, while the reverse is true for the torque.
For a five blade propeller there are good agreements between computed
and experimental side force and bending moment amplitudes. No
phase information is given in either case.
Lewis, in conjunction with his tunnel experiments has made
strip theory computations using the Sears function without extraneous
corrections. Phase shifts due to skew are also considered. Computa-
tions of the side forces due to both the third and fifth harmonics
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of the flow field for a four blade propeller are in good agreement
both in amplitude and phase with the results of experiment. (10)
The integral equation relating the lift and downwash
distributions on the blades of an oscillating propeller has been
derived and investigated mathematically in great detail by Hanaoka
(15). Blades of finite aspect ratio are considered, and the integral
equation is derived by the use of both the acceleration potential
and vortex theory. A systematic reduction to a lifting line approxi-
mation is made by application of a variation principle due to Flax.
The properties of the kernel function and the finite contributions
of the singularities are carefully examined. The solution, however,
is left to numerical processes but due to the extremely complex
forms is impractical to obtain, and perhaps not worthwhile.
Joosen (16) has derived the induced velocities from a
vortex model. When expressed in Taylor's series in the radial
coordinate an integro-differential equation for the radial circula-
tion distribution results after lifting line approximations are
made. Unfortunately, no further development is made and no results
are given.
Prompted by the poor' agreement between the available
experimental results and the strip theory analysis Shioiri and
Tsakonas (17) have recently attempted a three dimensional analysis.
The integral equation for the finite bladed propeller in unsteady flow
is derived using the acceleration potential. The kernel is simpli-
fied and the surface integral equation reduced to a line integral
by the use of a Weissinger approximation.
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A line of pulsating dipoles at the 1/4 chord positions
of the blades induces velocities at a line at the 3/4 chord positions
where the boundary condition is satisfied. For steady flow such an
arrangement duplicates the thin airfoil performance in two dimensional
flow and is approximately correct in three dimensional flow if the
aspect ratio is not too low. This arrangement is used here as an
approximation to the unsteady gust flow. In two dimensions the
resulting lift is in exact agreement with the Sears function only at
zero reduced frequency, and the two slowly diverge with increasing
reduced frequency. At k = 1.3 both the real and imaginary parts of
the lift by the Weissinger model are approximately fifty percent of
the corresponding Sears values.
Due to these discrepancies this model is not expected to
yield accurate results at the reduced frequencies normally encountered.
Rather the authors apply the model in both a three dimensional and
stripwise manner for comparitive purposes. In this way it is hoped
to achieve a measure of the reliability of the strip theory and the
relative importance of three dimensional effects.
Numerical results are given which show a large difference
between three and two dimensional results, at blade frequency for a
four bladed propeller the three dimensional lift amplitude is but
half the two dimensional, for example, though the phase angles are
in good agreement. This seems a rather large correction at the
reduced frequencies considered, and it is not known whether this is
due to the peculiarities of the model or perhaps the rather unusual
sector form of the blades used to facilitate computation.
- 10 -
General Method of Proposed Analysis
In this work the writer has attempted to develop a method
of analysis based on a realistic model in which those assumptions and
simplifications which are made are readily appreciated and understood
The analysis is guided by a desire to produce useful results, calcul-
able by methods familiar in the field of engineering analysis, and
capable of demonstrating the relative applicability of the various
simple approximations in use.
In Chapter II the integral equation relating the bound
vorticity of the propeller blades to the normal perturbation velocity
in a circumferentially non-uniform inflow is derived. This is based
on the familiar vortex model in whieh the downwash expressions in-
volving the kernel functions are determined by Biot-Savart integra-
tion. The relations between the vorticity components on the blades
and shed into the race are specified.
The integral expression for the downwash is seen to be
extremely intractable in its full form. In Chapter III the downwash
is written in the form of the two dimensional strip theory downwash
plus a "downwash difference" due to three dimensional effects.
This involves no approximations and the two dimensional representa-
tion,. which presumably accounts for the greater part of the unsteady
effects at high frequencies, is well known and easily applied.
The downwash difference correcting the strip theory is
then approximated by a simplified model of the vortex systems which
is physically reasonable. This model yields the lifting line result
at zero frequency or steady flow and is seen to be analagous to the
Reissner model for the oscillating plane wing.
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The actual practical means of solution of the problem
as represented are outlined in Chapter IV. The radial distribution
of circulation is expressed in a series with complex coefficients
which are to be determined. The model is divided into discrete steps
in oier to yield a matrix of complex downwash difference influence
coefficients. The circulation and lift are shown to be those
developed by the two dimensional strips if subjected to the inflow
corrected by the downwash difference. Writing the boundary condi-
tion leads to a set of complex simultaneous equations for the circu-
lation serieis coefficients, thus completing the approximation to the
original integral equation and its inversion.
The computation of the influence coefficients, which in
effect represent the kernel function of the integral equation, con-
stitute the major part of the actual solution of the problem.
In Chapter V a general method is developed whereby the influence
coefficients may be obtained for any harmonic component of the inflow
by harmonic analysis of certain computed functions. These functions
represent the angular distribution of the contributions to the down-
wash difference.
Advantage is taken of the nature of the induced velocities
revealed in Chapter V to provide an approximation to the induced
velocities which is reasonably valid for low harmonic numbers.
The reasoning of Chapter VI provides a basis for the logical appli-
cation of the readily computed steady state induced velocities for
the solution of the low frequency unsteady case.
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The Application of Experimental Results
A great amount of confusion concerning the accuracy of
various methods of detennining the propeller bearing forces has resulted,
in the writers opinion, from the use of inaccurate and/or irrelevant
test data for comparitive purposes. In particular, the writer objects
to the comparison of the bearing forces measured on self-propelled
models with the computed forces based on the measured model wake
distributions.
A reasonable doubt exists as to whether the wake distri-
butions measured in the absence of the screw are the same as those
found with the screw working. The loaded propeller applies a
reduced pressure field to the hull in its vicinity, which may be
expected to affect the boundary layer at the stern, especially if
separation is present.
Perhaps more important is the fact that propeller bearing
forces result from the presence of the hull and appendages in the
vicinity of the screw. These secondary interference forces are
shown in the results of Lewis' experiments (10) to be of the same
order of magnitude as the primary surface forces. With the usual
clearances, therefore, these may well be of the same magnitude as
the primary bearing forces.
The same objections may be raised to the use of full
scale data for the evaluation of bearing force calculation methods,
but in addition there is the objection that such data is often
inaccurate due to the poor dynamic response of the full scale
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mechanical systems. The natural frequencies of the propeller and
shafting systems are often so low in full scale that effects at
blade frequency are considerably magnified. With low input impedance
the mass and damping of the screw also enter in to further degrade
the measurements.
Bearing force measurements in self-propelled models are
valuable for investigation of the total effects involved. However,
the various phenomena present must be studied separately and in the
absence of more inclusive theory we must design experiments to eval-
uate the theories that we have and not attempt such evaluation with
measurements made in the presence of unaccounted influences which are
possibly as great as the phenomena of interest. To this end more
fundamental studies in the propeller tunnel of the bearing forces
due to non-uniform flow and also interference effects are suggested.
In Chapter VII a measurement system for the dynamic testing of
propellers in a known velocity distribution in the propeller tunnel
is described. Direct measurements of blade frequency thrust and
torque at high speed is accomplished with a shafting and dynamometer
system carefully designed for proper frequency response. In Chapter VIII
the results of the experiments performed are used to evaluate the
theoretical computation schemes proposed.
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CHAPTER II
THE INTEGRAL EQUATION FOR THE BOUND VORTICITY
Basic Assumptions
The propeller is presumed to be operating in a frictionless
and incompressible fluid, uninfluenced by solid boundaries such as
the ship hull or appendages or by a free surface, and without
cavitation.
In order to simplify the geometry of the problem the flow
field in the average, relative to the screw is assumed to form a
helical system of constant pitch. This requires that the circumfer-
ential mean of the axial inflow velocity be independent of radius
and that the circumferential mean of the tangential inflow velocity
be zero at all radii. The latter is equivalent to requiring that
there be no pre-rotation of the flow approaching the screw.*
Assuming that the propeller rotates with uniform angular velocity
in such an inflow field, a helical system of radially invariant
pitch results.
Further, the propeller is assumed to be lightly loaded in
the mean inflow so that race contraction and the change in the pitch
of the helical vortex systems in the race may be neglected. The mean
induced velocities are therefore considered negligibly small in com-
parison with the relative mean inflow as far as the geometry of the
flow is concerned. Radial velocities are neglected. The flow is
thus assumed to lie on cylindrical surfaces of constant radius.
* A linear radial variation of the circumferential mean of the
tangential inflow velocity corresponds to a solid body rotation of
the inflow to the screw and does not disturb the constant pitch heli-
cal nature of the field. The result is an effective change in pro-
peller RPM but without change in frequency of encounter of inflow
variations; a complication which the writer chooses to avoid at this
stage of development.
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From the point of view of an observer advancing but not
rotating with the propeller, the inflow velocity is allowed to vary
spacially, but not in time. Both axial and tangential variations in
inflow velocity are considered, but again, radial variations are
neglected. In fixed axes the inflow perturbation at a given radius
is obviously periodic in the angular coordinate; the fundamental
period being 2rr.
To the observer rotating with the propeller the spacial
variation of the inflow velocity appears as a time variation as well.
Assuming a uniform angular velocity, 0, this time variation of an
arbitrary inflow perturbation has a fundamental period equal to 2rr/0.
The inflow perturbations or variations from the mean can then be
expressed in terms of a Fourier series in integral fractions of this
fundamental time period or, equivalently, in integral multiples of
the angular coordinate.
In keeping with linear theory the inflow perturbation
velocities are assumed small in comparison with the mean relative in-
flow velocity. Assuming linearity, all the effects on the propeller
caused by the inflow perturbations: lift, pressure, and particularly
vorticity must also be expressible in Fourier series of the same
fundamental period as the perturbation in space and time. Further,
a particular harmonic component of the inflow perturbation will
result in effects on the propeller of the same harmonic number and
no other. Thus, as provided by linear theory, the analysis may
proceed with the individual harmonic components of the flow field,
and the total result may be finally arrived at by linear superposi-
tion.
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The blades are assumed thin and describable by small
offsets from the helical surfaces of the mean relative inflow. The
bound vorticity of the blades and the shed vorticity in the race,
both steady and unsteady, are assumed to lie upon these mean helical
surfaces. The linearized boundary condition is satisfied upon the
helical surfaces instead of upon the blade surfaces themselves.
The Kutta condition is assumed satisfied along the trailing
edge in the unsteady flow.
The Kernel Functions
The coordinate systems employed in the following develop-
ments are illustrated in Fig. 2.1 and 2.2. We consider a right
handed propeller of K equally spaced blades without rake. The
usual rectangular (x,y,z) and cylindrical (x,r,9) coordinate systems
are retained; the x axis coinciding with the axis of the propeller.
A radial reference line on the index blade coincides with the y
axis. The angular coordinate, 9 pertains to a particular helical
surface and has the value of zero on the radial line which marks the
intersection of that surface with the plane x = 0. If the angle be-
tween the reference lines of the k th and index blades be denoted Sk'
the total angular coordinate of a point on the helical surface of the
k th blade is given by 9 + 8k'
With all coordinates made dimensionless on the basis of the
propeller radius R, the rectangular coordinates of a point on the k th
helical surface are given in terms of the cylindrical coordinates by:
x = r@ tan 0
y = r cos (9 + ok)
z = r sin (9 + 6k)
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FIG. 2.2 COORDINATE SYSTEMS PROJECTED VIEW
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The unit vectors of the orthogonal curvilinear coordinate
system (s,r,n) along the helical surfaces are:
-+ -+ -4 -4
us = i sino - j sin (e + 8k) coso + k cos (6 + 8k) COS$
-4 -- -4
ur = cos (G + 8k) + k sin (6 + Sk) (2.2)
um = i cosO - j sin (9 + Sk) sino + k cos (e + 8k) sin
Several more geometrical relations are of use. In the
expanded view, it is seen that for a point on the helix:
x = s sinO (2.3)
and for helices of constant pitch, 2rrR , the sine and cosine of the
pitch angle at any radius are given by:
sinO (r) =A/ + r
(2.4)
cos$ (r) = r/ \ + r2
The vector distance between points (x,y,z) and (x yoz )
is given in rectangular coordinates by:
= (x - x9) + 7 (y - yO) + ' (z - z) (2.5)
and in cylindrical and helical coordinates by:
D= T s sin$ (r) - o sin ()4 + [r cos 6 - cos (9 + Sk)]
+ k r sin 
- sin (CP +8k
where the point (x,y,z) lies on the helical surface of the index
blade and the point (x ,yz ) on that of the k th blade. The
*The sense of the normal coordinate is taken positive in the direction
that a normal inflow velocity must have to produce a positive lift on
the blade.
- 20 -
magnitude of this distance is given by:
2 2 2 22fD = [\(cp - 6) + r + - 2r cos (ep + k - )2 (2.()
By the law of Biot-Savart, the vector velocity induced by
a sheet of vorticity is given by the following integral over the area
of the vortex sheet: 8
I D (2.8)
The component of induced velocity which is normal to the
helical surface at the point in question is:
-4 -4
W = W . (2.9)
The Biot-Savart integrand for the normal induced velocity
at a point (x,y,z) of the index blade due to elements of vorticity
at the point (xO,yO,z0) of the k th helical surface can now be
written. Exclusive of the magnitude of the vorticity this is for the
streamwise vorticity component:
(ux DT) .n un 3
(r2 - ) cos (Cp + Sk.- e) - r( - ) - 2 (cp - e) sin (cp + S ~)
+ r2 2)} 2 2 + 2 + - 2r cos (cp + S )3/2
(2.10)
and for the radial vorticity component:
- 21 -
FIG. 2.3 VORTICITY COMPONENTS AND NON-UNIFORM INFLOW.
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r2 sin (C + k 6) + (c-G) cos (Cp+8k - e)
+ r - + r2 + - 2rf cos (p + Sk 3/2
The functions (2.10) and (2.11) comprise the kernel
functions of the integral equation for the bound vorticity. For
brevity, these expressions may be denoted., respectively, by:
fs (o , s, r, k,) and f s, r, k)
Vorticity Relations
The radial and streamwise vorticity components on the
regions of the blades and shed into the race are illustraed in
Fig. 2.3. On the blades, the strengths of both components as func-
tions of position and time can be given in terms of vorticity at
the corresponding point of the index blade, the harmonic number and
the angle from the index blade of the blade in question, in the form:
y (s, r, k, t) = T (s, r)eiN(Ot - Sk (2.12)
By the principle of the continuity of vorticity, the
streamwise vorticity component on the blade m be related to the
radial vorticity component; the latter being the unknown to be
determined. (19)
s
r) = (a, r)da (2.13)
s L(r)
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The strength of the free vorticity shed by the blades into
the race may be expressed as the product of a complex amplitude at
the trailing edge and a sinusoidal time and distance variation along
the helical surfaces in the streamwise direction. For both the
radial and streamwise free vorticity components, this is of the form:
y (s, r, k, t) = 9 (sT(r))eiN [t - R(s - sT)/U(r) e -iN (2.14)
The complex strength of the radial shed vorticity at the
trailing edge is determined by the requirement that the total circula-
tion of the system of the bound plus shed vorticity remain zero at
all times. (19)
r (sT (r))eiNt - (r)eiN] Ne t (2.15)
where the circulation at radius r is given by:
sT(r)
17r) = r (a., r)do- (2.16)
sL(r)
Making use of the relations:
Os/U(r) = e
(2.17T)
Q/U(r) = 1/R + r
the expression for the radial shed vorticity component becomes:
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NF iN [(t -6) - (e - 6 (r))yS (, r,. k, t) = -2. k T
r + r (2.18)
The complex strength of the streamwise shed vorticity
component at the trailing edge is determined by (2.13) when the
upper limit of integration is sT(r); using (2.16)*:
Y' (s(r)) = F (r) (2.19)s T R r
leading to the final expression:
-1 3 ~ iN ( - k) - (e - e(r)) (2.20)
Ys - R gr (r)e kT
The Boundary Condition
The component of the induced velocity normal to the
helical surface of the index blade at the point (s, r) is also a
harmonic function of time:
w(s, r, t) = w (s, r)eiNO (2.21)
In the above expressions the induced velocity, the
vorticity and the circulation are dimensional quantities whereas
the coordinates are dimensionless. It is convenient to make the
induced velocity dimensionless on the basis of the mean stream-
wise inflow velocity relative to the blade at radius r, namely:
2 2
U(r)=RO A + r (2.22)
y and F are not dimensionless as is r, hence R is introduced.
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and the vorticity and circulation on the basis of the tangential
propeller tip velocity. Denoting the dimensional quantities by
primes, the dimensionless quantities are then:
9 (s, r) = ' (s, r)/U(r)
= '/R (2.23)
I' = '/R2 9
Combining (2.9), (2.10), (2.11), (2.18) and (2.20), the
complex amplitude of the dimensionless normal induced velocity is:
K--1
4(s, r). + r2 rr f ,s,r,k)
k=0 blades
fs (C"P.'syr.k) 
.-iNS6+ ys (,), e k da d
- iN( .fr (, , s, r, k)
race
e-iN I 9 - CPT( )+S
+ ( (()) . fs(a, ' ,s r, k) da d
(2.24)
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The Cauchy princip e value of the integrals need be
taken only when integrating over the index blade, when k = o.
If the complex amplitude of the normal component at the
point (s, r) of the N th harmonic of the inflow velocity perturba-
tion is denoted Zi (s, r), the boundary condition to be satisfied
at that point of the index blade on its helical surface is written:
w' (s, r) + VN (s, r) = U(r) h. h (s, r) (2.25)
Where the velocities are relative to the blade and h denotes the
offset of the blade section mean surface as measured from the
helical surface in the normal direction. Dividing by U(r) and
solving for the induced velocity, there results:
'(s, r) - h(s, r) - ~N (s, r) (2.26)
Recalling equations (2.13) and (2.16) which relate
the streamwise vorticity component and the circulation, respectively,
to the radial vorticity, substitution of the integral relation for
the induced velocity (2.24) into the expression for the boundary
condition (2.26) results in the singular integral equation which
must be solved for the unknown bound vorticity yr. No attempt is
made to solve this equation as it stands. In the following
chapters a simplification is made wherein the blades of the propeller
are reduced to line vortices as an approximation to the above and a
method of solution outlined.
- 27 
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CHAPTER III
THE VORTEX LINE MODEL
Reduction to Vortex Lines
In order to simplify the governing equation (2.24) and
to affect a useful engineering approximation to the solution the
analysis proceeds on the basis of applying a correction to the
simple two dimensional unsteady strip theory analysis to account
for three dimensional effects. The dimensionless normal velocity
of (2.24) is written in the form:
w(s,r) = W2D + ( 3D 2D) (3-1)
The quantity in parenthesis is hereafter denoted the "downwash
difference". This is the correction to be determined.
The first term on the right above, the two dimensional
induced velocity, is that which would obtain if the index propeller
blade were of constant chord, of infinite span, plane instead of
helical, and subject to inflow perturbations everywhere that are
the same as along the chord line containing the point (sr), in
the absence of other blades. This is presumed known from the well
developed unsteady two dimensional thin airfoil theory (20), (21),
(22).
The downwash difference is approximated in the following
manner:
The difference between the normal induced velocity of the
actual radial bound vorticity and that of the two dimensional bound
vorticity over the index blade is negagtE d.. The induced velocity
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of the streamwise vorticity component over the index blade is
either neglected or considered to be lumped in with the shed
streamwise vorticity. Making these approximations, the downwash
difference due to the vorticity on the index blade disappears.
The induced velocity of the bound vorticity of the other
blades is approximated by concentrating that radial vorticity into
a single radial vortex line on each blade with the same radial
circulation distribution. For purposes of an easily visualized
model this is done on the index blade also.
The shed vorticity systems in the race, both radial and
streamwise components are then taken to be generated by the time
varying circulation on the radial vortex lines and to be shed from
these lines instead of from the trailing edges. The radial vortex
lines may be taken to coincide with the reference line of the index
blade and the corresponding lines of the other blades as illus-
trated in Fig. 3.1.
In order to further simplify the geometry of the problem
a nominal value of the downwash difference is found along a single
radial line on the index blade instead of at all points of the
blade. This line is taken the same as the vortex line. Doing
this does not violate the previous neglect of the downwash
difference due to the bound vorticity of the index blade and the
subsequent concentration of that vorticity in a vortex line be-
cause a straight vortex line induces no velocity upon itself.
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FIG. 3.1 VORTEX LINE MODEL FOR DOWNWASH DIFFERENCE
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(3.6)= V +2
If further we denote:
00 /r =
X/r = tan S(r) = p
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The kernel functions may now be simplified as follows:
On the radial vortex lines, where the downwash difference
is found
9= 0
(3.2)
and on the blades where the bound vorticity is concentrated into
radial vortex lines:
fr(a,fs,r,k) -* fr( ,r,k) = r2 Sin 8k
(r2+ - 2r/ 0 c os k)
(3.3)
and all the streamwise vorticity contribution is neglected.
In the propeller race:
fr(a,T0 ,s,rk) -+ fr(TIP ,r,k) = r 2 sin (9+6k) + X 2 cos (+6k)
2 2 + r2  / 2 - 2rf0 cos (Y+6k)]3/2
(3.4)
and:
fs(a,g ,s,r,k) -* fs(a,1,r,k) =
-(r2 - 2) cos (cp+6k) - r( -12 2  s (+8k)
12 2 2 2 273/2
Scp + r + 4' - 2rC cos (cp+6k
(3-5)
Now it is more convenient to work in the angular
coordinate than the streamwise coordinate so use is made of the
relation:
(3.7)
the integral expression (2.24) for the induced velocity becomes,
for the approximate downwash difference at the vortex line of the
index blade:
K-1 n.
1 K1-iNS (T(T) d
V (r) =sin6 e- kDD () 4rr2 (P2+1) k=0 k 2 - 2 Tf cos k + 1)3/2
N CO 
-_ sin (cp+6 k ) + p CPcos (Y+8k e -iN(Cp+ )
-iNi r~rg) 1 e k'i dT) dep
2 2 2 ]3/2
-23 cos (y+6k) + p22 + l
22 2 2S - 1(1-p ) cos (cp+ k) - p + p - T~p cpsin(Cp+Sk)
TP - 2cos(cp+) + p + 1 3/2
. N dTde - (3.8)
where the last term denotes the velocity induced by the shed
vorticity in two-dimensional flow, having not yet been evaluated
and subtracted from the expression for the downwash difference.
The first term above represents the contribution to the
induced velocity at the index vortex line due to the ci'rculation
of the vortex lines representing the other blades. The second-
term represents the contribution of the radial vorticity component
in the race which is being shed by all of the blades due to their
time varying circulation. The third term represents the contri-
bution of the streamwise vorticity component on the trailing
helices which is being shed by all of the blades due to their
radially varying circulation. The vortex line approximation for
the downwash difference is illustrated in Fig. .3.1.
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FIG. 3.2 DISCRETE APPROXIMATION OF CONTINUOUS RADIAL CIRCULATION DISTRIBUTION
(SCHEMATIC)
I I 11--*
Discretion
It may be noted that in the first and second 7
integrals of (3.8) the only function of ' in the numerators of the
integrands is the circulation f(7). For computational
purposes the continuous circulation distribution on the radial
vortex lines is approximated by a set of radial segments of con-
stant circulation as illustrated in Fig. 3.2. With the circula-
tion no longer a function of radius, the T, integrationsin the first
two terms may be easily carried out over each segment. With r(q)
a constant in the interval (ql, 32) the first integral becomes:
-- -2
r(T)dn = "M L - cosok
Ti T 2  2 + j)312 2i~ (T2  17'r~1 ( 2-2 cos Sk + /2 - 29 cos8 + 1)
(3.9)
The cases where cos25k = 1 are excluded; that is the index vortex
line and one removed by 1800, but this is no restriction since
neither can induce a velocity along the index line.
Again with F($) a constant in (V , e) the second
integral becomes:
[ 3/
jP2r(sini (To)+p
V1 [T - 2Ticos(9p+6k) + p2  3/ + 1 ~ (+~
L2 - cos(2p+k) 2
22 ( 2 + 1 ~ 91
9 - 2 cos(CP+8k) + p 2 9 + 1 71 (3.10)
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In the discrete model the streamwise directed shed vorticity
becomes a set of discrete trailing vortices emanating from the
ends of the segments of constant circulation on the vortex lines.
The expression for the contribution to the downwash difference
due to these vortices from the segment (91, r2) on the kth vortex
line is:
- f(1-P 2)cos(+8k) - T2 +p2 - Sp P sin(p+)k e-iN(y+6 dc
2 2 2+ 3/2
o (T -27 cos(C+k + p CP + 1)
(3-11)
The discrete approximation to the continuous radial
circulation distribution on the vortex lines leads to the useful
concept of vorticity panels. The vorticity system of the vortex
line model may be considered to be the sum of the elementary vor-
ticity systems which comprise these panels. Each panel consists
of a segment of radial vortex line of constant strength but vary-
ing with time in a sinusoidal manner, which sheds a band of radial
vorticity of the same radial width, bounded by a pair of trailing
vortices shed from the ends of the segment. The radial sheet and
the bounding trailers vary in strength sinusoidally according to
the frequency of the circulation variation of the vortex line seg-
ment, and these strengths are as required for the conservation of
vorticity. Each panel is then a self-contained system containing
all the effects of the vortex line segment which is its origin.
In particular, the velocity induced at the index vortex line by the
set of panels emanating from corresponding segments of k blades is
expressible in terms of (3.9), (3.10) and (3.11).
- 35 -
FIG. 33 VORTICITY PANEL (SCHEMATIC)
The vorticity of a panel trails back along the helical
surface swept out by a vortex line as shown in Fig. 3.3. The
vorticity panel can be considered the logical extension to unsteady
periodic flow of the steady flow "horseshoe" vortex system. It
will be seen that when the harmonic number is zero, the vorticity
panel reduces to the steady helical flow horseshoe vortex system.
The Downwash Difference
Developing further the downwash difference on the basis
of vorticity panels the integrand (3.10) is seen to be singular in
the y integration at cp = 0 and T. = 1 with 6k = 0. In order to
avoid this singular behavior, it will be convenient to subtract
the integrand of the two dimensional shed vorticity at this point.
It is presumed that the two dimensional shed vorticity can be
considered shed from the vortex line rather than the trailing
edge as with the three dimensional shed vortex systems.
Using the present notation, the normal induced velocity
at the vortex line due to the shed vorticity in two dimensional
flow is:
w (r,o,t) = 1 y (r,a,t)
0
(3.12)
Referring again to expressions (2.14), (2.15) and (2.17) this
may be written:
w (r)= - iNF(r) e - d
2R A2+r2  0 C
(3-13)
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Again making w(r) dimensionless on the basis of U(r) and F(r) on
the basis of R 20; and noting that da/a = dcp/p, there results
finally at T =1:
w2(r) = - iN I(r) JW2D* dr P
2rr22(p+1) 0 C
(3.14)
Subtracting this integrand we have then for the downwash
difference contributed by the panel $ < 1 < 92 with k = 0:
2 kT
-sin cp+p C osep P c osp- 2 2 -iNp2 5 2 2 e co2 2 2 1/ 2 . -pedJo sin P+p 2 CpL ( 2 -2 cos(p 2 +1) j
(3.15)
It can be shown that the expression in the tends to zero as
Cp -+ 0 (see Appendix B ) since the singularities at cp = 0 in both
the three and two dimensional cases are of the same order.
It may be noted from expressions (3.9), (3.11) and (3-15)
that the downwash difference induced by a vorticity panel is linear
in the complex circulation f(T) of the panel vortex segment.
Therefore define a new dimensionless complex velocity 9(r,P) which
is the downwash difference at radius r of the index reference line
due to the vorticity panels centered on radiusp whose vortex seg-
ments have unit complex circulation.
(r, ) = DD(r)/(
(3.16)
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The final expression for this downwash difference is
then:
iN8 '- cosS 2
(r,9) . 4Trr (p +1) k
k=1 2119 
-2$, cos 8 k+1
K-1 co 2
sin(c+5k) + p cp cos(p+8k) 
- cos(Y+6k) 
-d
-iNkO sin2(cp+6k + p2 2 VT2 '-27 cos(p+8 )+p p +1
sin p + p 9 cose- cosC N d p
o sin2 cp+ p 2 2  cosp+p2 2+1 - 1
K -1 ~ t p2  )cos( +6 k) + 2 2 2 9 in +6k) 2  iN(p+ k )
K222 3/2 e k d
k=0 o (9 -2 cos(Cp+8k) + p p + 1)
(3-17)
In the first term we exclude from the sum values for
k/K = 0, 1/2 since these contribute nothing. Also, if the harmonic
number N is equal to or an integral multiple of the number of
blades the sum is zero as can be seen from the symmetrical arrange-
ment of the uniformly spaced blades.
In the second term we exclude the case of k = 0 when
1 < 1 < 92 and use the third term instead. There are no
restrictions on the last term.
- 39 -
It may be noted that when N = 0 the circumferential
variations vanish so that the problem is reduced to the steady
case. All terms but the last dropout~and this becomes the steady
flow lifting line model of the propeller with a system of discrete
trailing vortices of constant strength in the streamwise direction.
(23) (24)
Discussion of the Model
In approximating the downwash difference, the neglect
of the difference between the effects of the two and three dimen-
sional bound vorticity will be most in error where the bound
vorticity distribution or the shape of the blade is changing
rapidly with radius. Hence, the most error may be expected from
this source on low aspect ratio blades and in the tip region of
high aspect ratio blades. The same may be said for the neglect of
the streamwise vorticity component on the blade.
The streamwise shed vortices are, of course, absent in
two dimensional flow so that they add directly to the downwash
difference. These spring from the trailing edge with the final
strength of the streamwise vorticity on the blade and are thus
probably stronger than the chordwise average of the latter.
Computing the velocity induced by the trailers at the vortex line
from which they are shed is equivalent to finding the velocity
they induce at the trailing edge, if it were straight, of the real
blade. The control point is thus closer to the shed vortices in
the vortex line model than the average chordwise position is in
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the real case. The downwash difference due to the trailers that
is computed from this model is thus probably somewhat overestimated,
but this may be made up to some extent by the neglect of the
streamwise vorticity on the blade.
The radial component of shed vorticity does not enter
directly into the determination of the downwash difference so the
effects of the vortex line model are difficult to see. The radial
vorticity would induce a very strong velocity at the trailing edge
but this is all but annihilated by the subtraction of the velocity
induced by the two dimensional shed vorticity, since both have the
same behavior near the trailing edge. Transfer of this system to
the vortex line from the trailing edge thus probably causes less
error than for the trailers because these effects are due to more
far field effects.
The approximation to the downwash difference carried out
here is analogous to that of the Reissner "lifting strip" analysis
for the case of the oscillating plane wing. (25) Reissner simpli-
fies the integral expression for the induced velocity in this
manner in order to achieve a form which can be inverted by standard
means, thereby obtaining an integral expression for the bound vor-
ticity in terms of the known downwash of the wing oscillation.
This is not attempted here because of the much more complex kernel
functions involved due to the helical field and the desire to keep
a physical picture of the proceedings.
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The presented vortex line model is, of course, different
from the Reissner model in that it attempts to describe the flow
field of a multi-blade propeller rather than a plane wing. The
helical nature of the flow, at least for the geometry of the multi-
ple sheets of shed vorticity, is accurately taken account of. The
vortex line representation of blades other than the index blade is
expected to be adequate because of the fact that their influence
on the index blade is rather small due to their distance, except
near the hub. Generally speaking, low aspect ratio blades are
found on propellers with few blades where the interblade distances
are large. For many bladed propellers, where the interblade spac-
ing is small, the aspect ratio of the blades tends to be higher,
thus the vortex line model tends to give a more accurate represen-
tation when it counts.
Experimental results of laidlaw (26) and others show
that the Reissner theory, although a high aspect ratio approxima-
tion, predicts the lift magnitude and phase of oscillating wings
of rectangular planform with aspect ratios down to two without
serious error. Although the inflow perturbation in the present
case is not of the form produced by a rigid body oscillation and
the reduced frequencies encountered may be considerably larger
than those obtained in the experiments above, it is reasonable
to expect similar accuracy.*
*As the reduced frequency approaches zero, the Reissner analysis
approaches the lifting line, while it approaches strip theory for
high reduced frequency. The form of the perturbation does not
affect this behavior.
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The segmentation of the radial vortex lines and the
resultant replacement of the streamwise shed vorticity sheet by a
set of discrete vortices has been shown to be an accurate approxi-
mation to the continuous distribution for the steady flow propeller
case by Kerwin (24). The induced velocities must be evaluated
only at the midpoints of the radial vortex segments in order to
maintain the validity of this model. The discrete model may be
expected to remain accurate in unsteady flow so long as the panel
width is kept small with respect to the wave length of the
disturbance.
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CHAPTER IV
METHOD OF SOLUTION
Simultaneous Equations for the Circulation
We wish to determine the magnitude and radial
distribution of the complex circulation and lift on the index
blade. On the other blades these quantities are obtained by
applying the appropriate phase shifts to the results for the
index blade. It is first necessary to solve for the circulation;
thus determining the strengths of the various vorticity systems
and the induced velocities.
The circulation distribution on the index blade is
expressed in the form of a series of functions in the radial
direction..
r(r) E in f n(r)
n
(4.1)
The series will be taken to have a finite number of terms and the
complex coefficients A are to be determined.
A convenient set of functions is given by part of the
Birnbaum or Glauert series commonly utilized in thin airfoil and
lifting line theory: (27 ) (28 )
f (r) = sin n *
(4.2)
where the radial variable * is determined by the transformation:
cos*= 1 + rH - 2r
1 - rH (4.3)
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This series insures that the circulation goes to zero at the
blade tip as desired, but it also does so at the radius of the
hub, rH. We thus have free ends at the inner radii of the blades
a situation which is not representative of the actual case but
which is ignored due to the relatively weak influence of the
inner radii on the final result.
The boundary condition on the blade, determing the
induced velocity, as expressed in equation (2.26) may be simpli-
fied by neglecting the streamwise derivative of the blade surface
offsets in comparison with the inflow and induced velocities.
This is equivalent to replacing the blade sections by flat plate
foils in two dimensional flow. Consideration of the effect of cam-
ber and angle of attack on unsteady lift and circulation are
refinements that need not be considered at this stage of develop-
ment. The induced velocity and the inflow are presumed evaluated
at points of the reference line rather than at a general point in
accord with the simplifications of the vortex line model. The
induced velocity is then written according to (2.26) and (3.1):
w = 2D + wDD ~~ ~N (4.4)
or:
w2 D = N + DD)
(4.5)
For a flat plate foil, the induced velocity must equal
the negative of the normal inflow velocity perturbation, in two
dimensions as well as three. This inflow, as experienced by a
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section considered two dimensional, at the radius in question is
given then by +(VN + wDD) The inflow is therefore considered
corrected by the downwash difference if the section is considered
two dimensional.
If we denote by W.. the downwash difference of (3.17)
la
due to the vorticity panels of unit circulation on the i th vortex
segments, centered on radius C, as evaluated at radius r in the
center of the j th segment of the index vortex line, then the total
downwash difference at that point is given by:
%DD Fw (4.6)
The W. . thus form a set of "influence coefficients"
ia
relating the downwash difference distribution to the circulation
distribution.
Writing the circulation in the form of (4.1) for the
i th and j th panels, we have:
= fni (4.7)
n
Sn fnj
n
and the circulation of the j th panel can also be written:
F . = G (4.8)j 2D . ,j
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where G. is the complex transfer function between circulation and
normal velocity from two-dimensional unsteady airfoil theory. The
apparent normal inflow velocity to the section at the j th panel,
considered two dimensional is given, as mentioned, by the sum of
the inflow and downwash difference at that position. Using (4.6):
w2D N i la (4.
Equating the two expressions (4.8) and (4.T), there
results:
I f .j = (- . + A1 f .i a9 ) d . (4.10o)
' n na N iij a
n i n
which leads to the following set of simultaneous linear algebraic
equations to be solved for the unknown set of complex circulation
series coefficients A :
n
A[f/. lfn .]... = w. (4-11)
n (fnj /d - : ni la j NJ
n
The integral equation of Chapter II is thus approximated
by the set of simultaneous equations above and inverting the inte-
gral equation is equivalent to inverting the coefficient matrix of
the approximating set. The expression in is that matrix of
complex coefficients. It may be noted that if the downwash difference
matrix W . is made zero, there results the purely two dimensional
io
strip theory solution. The term containing W..is thus a correction
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to the two-dimensional strip theory analysis to take account of
the three-dimensional nature of the flow field and the influence
of the other blades, as was intended.
By choosing the number of terms in the circulation series
equal to the number of panels and then writing one equation for
each panel, there results a square set of equations which can be
solved immediately by any one of a number of well known numerical
methods. This may lead to a large set, however, for a large number
of panels, in which case the accuracy of the results may become
questionable, especially for the higher terms in the series. By
writing an equation for each of a large number of panels but with
a smaller number of series terms and then solving the resulting non
square set in a leas% squares sense, this difficulty may be avoided.
For the general analysis of a propeller in non-uniform
flow, the following may be of use. The normal inflow perturbation
is expressed in a polynomial in the radius of the form:
M
m
w .= a r. i(4.12)
m=O
The right-hand side of the set of equations (4.11) may then be
2 M
replaced by 1, r., r.,....., r. and the equations solved for each,J J J
yielding a set E . The resulting circulation series coefficients
for any inflow field expressible in the form (4.12) can then be
obtained by a linear combination of these elementary solutions.
= m A M (4.13;
m
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After solving for the circulation, the complex lift
coefficient at the various sections may be obtained.
0L . =2~ P = (~ + 1 f . 2.) (4.14i)CLa j :-2D. Pj Na_ ( nf ni i j i
n i
where F . is the complex transfer function between lift and normal
velocity from two-dimensional unsteady airfoil theory.
The six components of propeller force and moment are then
obtained by the appropriate radial integrations of the lift coeffi-
cient and complex sunmnations over the blades.
The Circulation and Lift Functions
The circulation and lift functions used in (4.8) and
(4.14) above require special discussion.
It must first be noted that both G and F are functions
*
of the reduced frequency, k, where:
* b'
k = (4.15)
in general, where o is the frequency of the motion or perturbation
involved, b' is the semichord of the foil section and U the stream
velocity. In the case of the propeller blade section at radius r,
thic can be written:
* Ib N 9
-= = . ( T - L) (4.16)
V\2+ r22
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where b is here expressed as a fraction of the propeller radius.
The reduced frequency is a measure of the degree of unsteadiness
of the flow. Equation (4.15) can also be put in a form to show
that the reduced frequency is a measure of the wave length, 2,
of a periodic disturbance relative to the chord length.
*.
k = 2nT b/A
(4.17)
*
The value of k is seen to depend strongly on the harmonic
number and the chord length, and to vary strongly with radius on
a given blade.
Most important, G and F are functions of the form or
distribution of the normal velocity over the entire chord length
of the section. That is, G and F have different forms and yield
different results for different normal perturbation velocity
distribution. Thus, for example, the circulation resulting from
a sinusoidal gust is different in amplitude and phase, generally
from that resulting from a rigid body heaving motion of the foil
although the reduced frequency and amplitude and phase of the
maximum normal velocity be made the same in both cases. ( 21)
In the lifting line analyses of the wing or the propeller
in steady flow the downwash, or equivalently the downwash difference,
is found at the chordwise position of the lifting line and in the
simple form of analysis this velocity is presumed to be constant
over the chord at a given spanwise position. It is left to the
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more complex lifting surface analyses to compute the variation
of the downwash along the chord and hence the so called "curved
flow" corrections to the lift. (24 )
Here in this vortex line model of the propeller in
circumferentially non-uniform flow, the downwash due to the three
dimensional nature of the flow field is approximated at one point
of the chord at each radius also. The downwash difference is not
presumed constant over the chord, however, and it remains to
determine the chordwise distribution in order that the appropriate
form of G and F be used.
Considering first the inflow perturbation, the component
normal to the blade is obviously sinusoidally distributed along
the chord for any harmonic of the flow field. A blade section
may thus be considered to be under the influence of sinusoidal
gusts the wave length of which are determined by the harmonic
number N and the pitch angle of the helix at the radius in question.
In the Reissner analysis of the plane wing in periodic
unsteady flow the downwash difference is shown also to be sinusoi-
dally distributed over the chord. (25 ) The wave length of this
distribution is a function of the reduced frequency as expressed
in (4.17). The downwash difference in the Reissner approximation
is due primarily to the near field effects of the shed vorticity.
In the analagous vortex line propeller model it is reasonable to
expect that the difference between the effects of the helical
geometry of the vortex sheet and the plane configuration are small
compared to the latter when the near field is considered.
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The downwash difference contributed by the shed vortex sheets of
the index vortex line is thus also assumed to have a sinusoidal
chordwise distribution.
Considering the shed vorticity of the other blades it
can be seen that these helical sheets pass again and again behind
the index blade; the first few turns at least being in fairly
close proximity to that blade. The strength of the vorticity on
these sheets is sinusoidal in the angular coordinate, and at any
particular angular position the strength of the vorticity on all
the turns of all the sheets is in phase at a given radius. Thus
it may be expected that the helical shed vorteX sheets will induce
a normal velocity on the index blade which is of the nature of a
sinusoidal gust system.
The velocities induced by the bound vorticity of the
other blades, here represented by the vortex lines, may perhaps be
more uniform over the chord. Again this is presumed small in com-
parison with the other induced velocities due to the usually large
distance between blades.
Thus both the downwash difference and the inflow
perturbation are considered to be predominantly of the same chord-
wise distribution, namely sinusoidal. Further, the wavelengths
of both are the same at any radius but they are not, in general,
in phase with one another. The sum of the inflow perturbation
and the downwash difference is considered, as mentioned previously,
the inflow normal velocity perturbation that a two dimensional
chordwise strip of blade must experience. The sum of the two
sinusoids is a third sinusoid whose complex amplitude at the
- 52 -
LEADIP
EDGE
MIDCHORD
REF LINE SECTION AT RADIUS r
U(r)
VECTOR
REPRESENTATION
T. E.
w
N 
- L. E.)-+1
REF LINE
n
MIDCHORD
FIG. 4.1 PHASE SHIFT DUE TO BLADE
-53-
SKEW
Eu 
-1
at the vortex line is the sum of the two complex velocities
evaluated there. The amplitude of the resultant at any chordwise
position is given by a linear phase shift from this point. The
use of the same lift and circulation functions for the inflow and
induced flow in (4.10) and (4.14) is thus justified.
Equally as important as the distribution of inflow
perturbation and downwash difference are the phase shifts due to
blade skew, resulting in phase shifts of the total downwash, cir-
culation and lift. Referring to figure (4.1) the complex normal
velocity at a particular instant of time, at the section midchord
is given in terms of the velocity at the reference line and the
coordinate of the midchord:
*
(4.18)
where the distance s is considered positive in the direction
downstream of the reference line and is dimensionless on the basis
of the section semichord at the radius in question.
The complex lift function used is the Sears function for
the lift coefficient of a flat plate two dimensional airfoil sub-
ject to sinusoidal gusts, as modified by (4.18): (21 )
*
- -iks
F=-2rr ie m
k LK(ik) + Kl(ik)]
(4.19)
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The complex circulation for the sinusoidal gust can be
deduced from Sears work (21 ), or can be gotten from the quasi-
steady circulation (see Appendix A ) by a formula of Kemp. (22 ).
Modified according to (4.18) this is:
.. o(k) - i J()] ik(l + s
G 2n e- m
b +r Ko(ik) + K1 (ik)
(4.20)
These functions are shown in Figures 4.2 and 4.3 respectively for
reference positions at the leading edge, sm = +1; midchord, sm 0;
and the trailing edge, sm =-1. It may be noted that for a given
*
value of k only the phase changes with the position of the
reference point, the amplitude is naturally unchanged.
The case considered here has been that of a propeller
rotating uniformly in a non-uniform stream where the inflow is
gust-like. If the case, for instance, of a propeller oscillating
axially or torsionally in uniform flow is considered then the
functions G and F in (4.10) and (4.14) must be replaced by those
pertinent to, in this case, solid body heaving motion of the
section, but only for the inflow; the functions to be multiplied
by the downwash difference presumably remain as above due to its
sinusoidal chordwise distribution.
If it is found necessary to do so, the circulation and
lift due to the induced velocities of the bound vortices of the
other blades may be treated by special functions tailored to the
distribution of these velocities.
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CHAPTER V
COMPUTATION OF THE DOWNWASH DIFFERENCE MATRIX
Summation Before Integration
In order to evaluate the elements of the downwash
difference matrix, W. , the integrations of equation (3.17) must
be carried out. Analytic integration seems out of the question,
so some numerical scheme must be used. The most straightforward
method is to employ a powerful integration formula such as the
five point Gauss rule over a number of intervals up to some large
value of the coordinate p. The remainder of the integrals from
this point to infinity may be approximated by analytical inte-
gration when the integrand is simplified for large cp. These
latter integrations result in sine and cosine integral functions.
The entire process must be carried out separately for each har-
monic number N being considered.
A more interesting way to evaluate these integrals is
available, however. We may take advantage of the assumed lightly
loaded condition of the screw which eliminates distortion of the
helical surfaces swept out by the blades. Then, note that at a
given angle relative to the reference line the vorticity strengths
on all the turns of all the helices are in phase at a given radius.
This may be deduced by inspection of (3-17).
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The infinite integrations in the angular coordinate can
then be replaced by angular integrations over one revolution of
products of sines and cosines with infinite summations taken at
constant angle. The terms in the summed series are the values of
the geometrical parts of the original integrands as evaluated on
successive turns of the helical vortex sheets at constant angle.
The points of evaluation of the integrands are illustrated in
Fig. 5.1.
To put this in mathematical form the change of variable:
f = ( + 8k (5.1)
is made. The coordinate f is thus the angular coordinate measured
from the index blade, independent of the helices. Considering
first the integral for the streamwise trailing vortices of a
panel, this may be written:
2 2222L(1-p ) cos + p2 2-Dj 2(-8k) sinf 2 -iNf df
sk=o k 2 - 2f cos + p2 (-8 )2 + 1)3/2 e
(5.2)
Now the harmonic functions of are not disturbed if the
argument is replaced by + 2nr where n is an integer. Doing so,
and summing overall positive n the infinite integral is replaced
by an infinite sum of integrals over the interval (8k' 8 k + 2rr).
Now the angle between the index blade and the k th blade is:
k = k 2r
K (5-3)
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so that in the terms containing it we can write:
+ 2nrr - k = + mK K (5.4)
Combining the sums over n and k, and interchanging the
order of integration and summation, there results:
O -ie d(9 2- 27 cos + p2 (cp
(5-5)
where cp is the smallest positive value taken on by the quantity
S-k), that is, cp is a function of and has values in the
range 0 < CP <
Following the same procedure, the integral for the radial
shed vorticity in the general case ('/l) can be written:
2 or
sin + p 2( + m )cos
2 2 2T 2
m=o sin + p (Yp + m f)
-iN do - cs
(T - 2 cos + P (cp + mt) + 1)1/2
(5.6)
The special integrand for T = 1 and k = 0 will be treated later.
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The Sum Functions
Given the set of parameters defining the panels i and j
namely, 9 ' 2, and p, the sums in (5.5) and (5.6) above are
functions of 4 only. Denoting the former Ss (f) and the latter
S (f), the downwash difference of (3.17), ignoring for the moment
the special case at $=1, may be written:
K-l 22-iNk $ -Cos k
i (rf ) .417r 2 p2+1)= Zk 2 kk=l L -25 cos ok+1
2rT 2rT
-iN S (§)e d§ + S ( )e 1 d4
0 0
(5-7)
The major part of the downwash difference can thus be
simply computed for any harmonic number N whatever by harmonic
analyses of the sum functions. In particular for N=O the first
and second terms drop out and the steady induced velocity of a set
of streamwise trailing vortices of constant strength is given by
the integral of S over (0, 2nr), or 2r times its average value.
For any N which is an integral multiple of K the first term
above is zero because it is odd in 8k'
The sum functions for a typical panel set and control
point radius are shown in Fig. 5.2. The discontinuities at
= 0, "/2, -TT, and 37/2 in these curves are due to the starts of
new vortex sheets at the vortex lines and the consequent steplike
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increase in the contribution to the induced velocity. These are
thus a consequence of the simplified model employed.
Carrying out the Summations
The sum functions represent infinite summations which
if carried out directly are no more attractive than the original
infinite integrations. The infinite sums may be approximated,
however, by the use of the Euler-Maclaurin sum formula, which in
its truncated form may be written: ( 29)
CO,
I3 fil l h f h3 ,f(a + nh) f(x)dx + 1 f(m) - f(a) + f(a- ...
n=o
(5.8)
The infinite sume is thus approximated by an infinite integral
plus a series of correction terms involving derivatives of the
function evaluated at the initial value.
In the case of both the radial and streamwise vorticity
the integral can be easily evaluated since it is in the variable
and not §. Also the derivatives are taken with respect to CP0 .
The correction series is in practice restricted to the first few
terms.
Now the accuracy of this approximation behaves peculiarly
in that the error can be reduced by retaining additional correction
series terms, but only up to a certain extent. If too many terms
are retained the value oscillates wildly with each additional
term; the correction series diverges. The number of terms to be
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retained to give the best result turns out to be roughly
proportional to the initial value a. ( 29)
Use of the formula for small values of a are thus
doomed to failure since the best result is obtained with an
insufficient number of correction terms. This situation is
remedied by actually summing a few terms of the original series
and then entering the formula with a larger initial value.
Carrying out the integration and the differentiations up to the
third derivative for the streamwise vorticity, the sum function
becomes:
M
S SWS5 (4) =
m=o
K A
+r I r
A + B (% + m -- )
0 K
LC + D (CP + m 2rK)2]/
A B 2 ~ 2-1
- ( em~ 3) (C+Dp )
A + Bcr
m
+ 2(C+ 2 3/2
2CDIPM
6K (C+Dp2)3/2
B-IA + Bp
m C + Dcp2
(5.9)
Where:
2rr
,Pm = o + M K
A = 9(1-p2) Cos + p2 2
2
B = -Tp sin i
2C =$ - 2 cos + l
D = p 2
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with the whole evaluated between the limits (Tll, f2 ). The sum
function for the radial vorticity is not presented here due to its
complexity. The above will suffice for the present
discussion.
The question now arises as to how many basic series
terms or helix turns need actually be summed with a given number
of correction series terms in order to insure stabilization of the
result. Secondly, how many correction series terms need be included
in order to insure convergence to the true result?
This has been investigated for (5.9) in a typical case.
Sum functions at various angles were computed by the formula while
retaining correction terms through both the first and third deriva-
tives for values of M from zero to twenty. Convergence to the
correct result was proved by the agreement between the stabilized
results of the two and three term correction series cases. Further
the mean value of the sum function so determined yielded a steady
induced velocity which was in good agreement with one computed
from the induction factors of Lerbs. (23 )
The same procedure was followed with the formulation for
the radial vorticity. One and two correction terms were retained
in this case; the third derivative being too unwieldly to consider.
Again convergence was proved by the final agreement between the
values given by the one and two correction term cases. Direct
numerical integration as described in the first paragraph of this
chapter was performed for the zeroth harmonic, resulting in a
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satisfactory check on the mean value of the sum function;
although this has no physical significance for the radial
vorticity.
The number of helix turns summed, M, in order to
stabilize five and six digits beyond the decimal is shown in
Figures 5.3 and 5.4 for the case considered. It appears that the
following values of M; are sufficient for nearly all 1:
M, for
A. Streamwise vortex lines 6 digits 5 digits
1- 3 term correction series 5 4
2. 2 term correction series 10 6
B. Radial Vorticity
1. 2 term correction series 5 4
2. 1 term correction series -- 12
The one term correction series for the radial vorticity requires
over 20 turns for 6 digit stabilization. This extremely truncated
series is considered inadequate. For a three term series for the
streamwise vortices and a two term series for the radial vorticity
it is thus seen that it is required that summation of the inte-
grand be carried out over an axial distance of the order of one
pitch of the screw before the approximation for the sum to infinity
may be applied.
It can be seen in Fig. 5.2 or by examination of expression
(5-5) that the magnitude of the streamwise vorticity sum function,
where it is not small, is composed for the most part by the
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contribution of the first turn summed. The near field effects
are the most influential, as would be expected. In this respect
the Euler-Maclaurin sum formula provides a generally small
correction to the values obtained by summing a few helix turns.
Judging from the magnitude of the streamwise sum function at its
greatest, which in the case depicted in Fig. 5.4 is of the order 1,
the requirement of accuracy of order lo-5 or 10-6 in this correction
is seen to be very stringent and probably unnecessarily conserva-
tive in view of the final result, even though this accuracy is
easily attained. This accuracy is less conservative for the
radial vorticity sum function which is seen to have a magnitude
of 101 here.
Difficulties arise in determining the radial vorticity
sum function at T = 1 due to the presence of the term 2/ . This
term appears only for the vorticity shed by the index blade and
must therefore be subtracted but once per revolution instead of K
times or once for each helix as with the other terms. Frther, the
sum 2/(f + 2nr) does not converge. The harmonic analysis of
n=o
this non-existant sum for N / 0, however, is well defined.
In order to avoid these difficulties the term 2/ is
subtracted only from the first term actually summed. The rest of
the sum and the Euler-Maclaurin evaluation to infinity are then
carried out exactly as for any other panel. The remainder of
- 69 -
-1088
t18 r,-,
60 120 180 240 300
FIG. 5. 5
-16
-14
-12
-10
-8
-6
-4
- 2
SL0 360
this term on the other turns of the index blade helix is then
removed by subtracting the following integrals from the harmonic
analysis of the sum function:
2 J e-iP dp = -2 LCI(N) + i - i SI(2rnN)
(5.10)
The CI and the SI are the cosine and sine integral functions,
respectively, which are tabulated or computable by standard
means. ( 30)
The sum functions for a set of panels at T = 1 in a
typical case are shown in Fig. 5.5. Here the radial vorticity
function has had the term 2/: subtracted only in the first
revolution of the helix as described above.
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CHAP'ER VI
AN APPROXIMATION FOR LOW HARMONIC IUMBERS
Nature of the Harmonic Analysis of the Sum Function
Inspection of Figures 5.2 and 5-5 reveals that the
streamwise vorticity sum function is very sharply peaked in the
neighborhood of = 0. So marked is this characteristic that
there is a strong resemblance to the impulse function. The
spectrum of the impulse function is a constant; the harmonic
analysis of the similar Ss ( ) function, therefore, may be
expected to vary but slowly with N.
It may further be noted that the streamwise sum
function is much larger in magnitude than the radial, there
being an order of magnitude between the peak values of the two
functions in Fig- 5.2 and two orders of magnitude for the case
f = 1 in Fig. 5-5. The signs of the sum functions for T = 1
are opposite those for 7 j 1, however, so that in effect the
induced velocities at the location of a particular panel are
reduced by the induction of the neighboring panels. Both the
radial and streamwise sum functions are affected in this way and
it remains to be seen whether the streamwise sum function retains
its characteristic shape and magnitude compared with the radial
function when the influences of all the vorticity panels along
the radius are included.
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In order to investigate this we may form the set of sums
over the propeller radius of the sum functions weighted by the set
of radial circulation series functions defined in (4.2). Denoting
the sum function for the velocity at the j th panel due to vorti-
city of the i th by S , these are:
SnjW f ni ij
(6.1)
for either the radial or streamwise vorticity.
In the course of developing a computational scheme for
the downwash difference matrix a set of these functions has been
evaluated for the first five values of n at various radii r..
0
These computations have been made for a typical case of a four
blade propeller, with hub radius of 0.2R and a pitch of X = 0.3.
Suffice it to state that the resulting total sum functions do
retain the particular and relative characteristics displayed by
the individual panels but to a less marked degree.
The harmonic analysis of the set of functions for the
radius r. = 0.675 was carried out through N = 4 and the results
combined according to equation (5.7) to form the real and
imaginary parts of the downwash difference matrix. This downwash
difference matrix is represented by the bar spectra of Figure 6.1.
Here it may be noted that the amplitude of the downwash difference
does not generally vary strongly with N from the value at N = 0
within each set. This is less true for the set n = 1 at this
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particular radius. The phase angles also do not change rapidly
as N increases from zero. This behavior is as expected from the
impulse-like nature of the streamwise vorticity sum function and
the relatively lesser importance of the radial sum function.
It must be noted that this behavior is influenced by the radial
location r. considered, but this case is considered typical.
The purpose of the above considerations is to demonstrate
the reasonable validity of and the thought process leading to the
approximation to the downwash difference matrix for small values
of N by the matrix for N = 0. The zero harmonic number d.ownwash
difference is the induced velocity in steady flow.
Physically the possible applicability of the steady
induced velocity may be appreciated when it is remembered that the
induced velocity even in unsteady flow is due primarily to the
effects of the nearby vorticity; a fact which is reflected in the
nature of the sum functions. So long as the wave length of the
disturbance is large compared to the extent of the influential
near field, the induced velocity is approximately equal to that
for infinite wave length. Long wave length of course requires
low harmonic number.
The propeller forces for small harmonic numbers are
usually of interest for propellers with a small number of blades,
that is two, three and perhaps four. In these cases, the inter-
blade distances are large and the velocities induced by the vortex
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lines representing the blades may be expected to be small.
Neglecting the contribution of the blades, the approximation to
the downwash difference from (5.7) is written:
2rr
. rr2 (p2 +1) ~ Ss 0
0 (6.2)
or in matrix notation:
W. ~w..ijN 10 (6-3)
The steady state induced velocity may be computed by
use of Lerbs' induction factors (23 ) or may even be approximated
by the local application of the Goldstein functions ( 31).
However, for machine computation, routines are available for -the
rapid calculation of steady flow induced velocities based on the
exact potential of a set of helical vortex lines or approximations
thereof.
This zeroth harmonic approximation must in no way be
confused with a quasi steady analysis or model. The complex
simultaneous equations (4.ll)must still be solved for the complex
circulation distribution with the use of the unsteady circulation
function 5. Only the correction to the unsteady strip theory,
namely the downwash difference, is approximated by a steady model.
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CHAPTER VII
MEASUREMENT OF BIADE FREQUENCY THRUST AND TORQUE IN
THE PROPELLER TUNNEL
Testing in the Propeller Tunnel
Experimental results are needed to evaluate the several
existing and proposedmethods of calculating the periodic propeller
forces in circumferentially non-uniform flow. For valid compari-
son, the experimental conditions must simulate as closely as
possible the important conditions assumed in the mathematical
models. These are primarily a known inflow velocity field and an
absence of nearby boundaries in the flow.
A water tunnel with a velocity distribution control
device provides a fixed and easily measured flow field that can
presumably be readily altered to simulate different inflow
conditions. The devices used in this connection to date have been
either screens in geometric patterns ( 10) or an array of valve
controlled nozzles ( 32 ), both producing only axial velocity
variations which are sufficient. In either case, the screw must
be positioned distant enough from the device to insure that the
pressure field due to screw loading has a negligible influence on
the velocity distribution produced. A sufficient axial distance,
one to two screw diameters, is easily attained, and the velocity
field measured in the absence of the screw is reasonably assumed
the same that exists with the screw working.
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FIG. 7.1 FLOW REGULATOR -DELFT TUNNEL
from: W P A. van Lammeren, ref. (32)
In a tunnel there need be no extraneous boundaries in the
vicinity of the screw, the diameter of a closed jet test section
generally being at least twice the screw diameter, and that of an
open jet section being much greater.
Further, a water tunnel allows continuous operation which
simplifies measurement, and the screw loading is easily varied by
control of the mean water velocity. Operation at high speed is
possible, if the frequency response of the mechanical and electrical
systems allows it, providing high Reynolds number in the flow and
sufficiently large forces which ease the sensitivity problem.
Finally, if the mechanical system is designed for it, the screw may
be operated with the tunnel pressure reduced and periodic forces
measured under cavitating conditions. Present unsteady propeller
theory does not cover this condition, but it can be assumed that this
will soon be investigated.
Recognizing the need for applicable experimental studies
and the advantages of tunnel testing, the author has designed and
developed a propeller dynamometer system for direct dynamic measure-
ments of blade frequency thrust and torque for a small water tunnel
with field control. This experimental work was carried out at the
Technological University of Delft, The Netherlands, by the author as
a Fulbright Scholar in that country during the academic year 1962-63.
The converging nozzle before the test section of this
tunnel is divided into 146 separate nozzles, the flow through each
of which is controlled by a valve at its inlet end as illustrated
in Fig. 7.1. The circumferential distribution of the axial velo-
city in the test section is adjustable over a wide range by the
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FIG. 7. 2 UPSTREAM END OF TUNNEL SHOWING
VELOCITY CONT'ROL VALVE STEMS AND
RINGS
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longitudinal settings of the valves. The upstream end of the
tunnel with the protruding ends of the valve stems is shown in
Figure 7.2. The test section used for propeller work is square
in section, with dimensions 30 x 30 cm.
The existing propeller shaft system for steady
measurements is enclosed within a bronze tube that passed from
the motor-dynamometer through a gland at the upstream end of the
tunnel and through the center of the velocity control nozzle
group into the test section.
Requirements for the Design
Several general requirements for the measuring system
were set up as guidelines for the design. First, the new shaft-
ing system was to fit into the tunnel without modification of the
existing structure. Modification of the tunnel, especially the
velocity control section, could be expected to be complicated,
time consuming and expensive, and any possible future disruption
of the normal tunnel functions was to be avoided. The dynamic
shaft system was thus required to take the same form as the
existing shaft system, namely a self-contained unit within a tube
that could be easily inserted and removed.
All electrical measurements were to be performed by
"off the shelf" electronic components. Neither the time nor
money was available for the design and development of special
electronic equipment. In general, it was desired to keep the
mechanical equipment as simple as possible so that it could be
built within the limited time available and at a reasonable cost.
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In particular, the device was to be capable of measuring
both thrust and torque variations at blade frequency with approxi-
mately the same sensitivity and accuracy. The phases of both
thrust and torque were to be measured with respect to some fixed
reference position of the propeller, this being considered as
important as the amplitude measurements.
Most important, the system was to be capable of static
calibration. This was required in order to avoid the complica-
tion and uncertainty associated with dynamic calibration. For
static calibration to be valid the natural frequencies of vibra-
tion in both torsional and axial modes must be much greater than
the measuring frequency. Dynamic calibration, necessary if the
natural frequencies were of the same order as the measuring
frequencies, would have to be carried out on the system when running
submerged with the propeller attached. The difficulties in measur-
ing the amplitude and phase response under these conditions are
obviously very great.
Finally, it was desired to operate the propeller at the
greatest possible RPM in order to attain high Reynolds number in
the flow and to provide the largest possible forces, since these
vary with the square of the speed.
Description of the Shaft System
The drive line of the system as built is illustrated in
Fig. 7.3. A length of large diameter shaft provides a body of
large mass and moment of inertia to which the propeller is
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FIG. 73 DRIVE LINE-SHAFTING SYSTEM
attached by a stiff shaft. It was early found impossible to
attain the necessary natural frequencies with a normal shaft
system between the propeller and the motor because of its
necessarily great length. The massive shaft is rotated by the
motor through a long slender tube of small stiffness and is
restrained in the axial direction against a ball thrust bearing
by a soft spring made up of two diaphragms in series. Driven and
restrained by these soft springs the shaft becomes,in effect a
free system in the torsional and axial modes at high frequencies.
Several conflicting requirements must be compromised in
order to select the shaft lengths and the spring stiffnesses.
High natural frequencies of the free system demand that the shafts
be as short as possible and of large diameter for stiffness. It
is desirable to have the propeller mass and moment of inertia,
including entrained water, a small fraction of the mass of the
free system in order to reduce the relative importance of the
inertial reaction of the screw at the measuring frequency when
the free system oscillatesas a rigid body. The maximum diameter,
however, is limited by the tube surrounding and supporting the
shaft system, which must pass through the gland of the tunnel.
Choosing the maximum possible diameter of the massive shaft,
any increase in mass requires increased length at the cost of
frequency.
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The torsional drive and axial restraint spring must be
stiff in order to limit the deflection and shaft motion under the
steady propeller thrust and torque loadings. With increased spring
stiffness, increased mass is required to maintain the low natural
frequencies of oscillation of the shaft against the motor and the
thrust bearing.
The final compromise arrived at provides the following
computed natural frequencies:
Torsional Axial
Low Frequency, cps: 10 10
High Frequency, cps: 870 1750
Propeller mass, % total 3.7 3.0
The measuring frequency chosen was 100 cps maximum, providing
roughly an order of magnitude to the nearest natural frequencies
in both directions. The choice of this measuring frequency was
also influenced by certain characteristics of the electronic
instrumentation. The mass and moment of inertia of the entrained
water of the screw were estimated from data given by Lewis (33 )
and Visser ( 34 ). The screw considered was unfortunately rather
heavy, being made of bronze.
The natural frequencies of the shaft and propeller were
carefully investigated. Computations were based on the solution
of the differential equation for the vibration of uniform shafts
applied piecewise according to a scheme of F. M. Lewis. These
were carried out in detail for many design variations and are
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believed to be accurate. Unfortunately no experimental
verification of the natural frequencies was made.
The length of the smaller diameter shaft section is
minimized by locating the propeller at a distance of two dia-
meters from the plane of the nozzle outlets, the location of the
inboard end of the large shaft being fixed by the convergence of
the nozzles. The diameter of this section is made as large as
possible while maintaining a radial clearance through the center
of the nozzle group. This shaft section runs uncovered and with-
out support, being essentially a cantilevered extension of the
large shaft.
The diaphragm arrangement, which is stiff in torsion
and soft axially, in conjunction with a torque tube beyond the
thrust bearing, was chosen instead of a simple coil spring in
order to prevent any possible coupling between axial and torsional
motion. The separate arrangement also allowed freedom in choos-
ing the stiffnesses in the two directions. Because of the
restricted diameter, two diaphragms in series were needed in order
to get sufficiently low stiffness with a reasonable thickness and
stress in the diaphragm material. Stresses at full propeller load
were kept to acceptable levels by the introduction of an internal
compression spring between the diaphragms that applied an outward
preload approximately equal to half the expected compressive load.
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The shaft runs submerged in its tube, supported by two
water lubricated plastic bearings at the ends of the large diameter
section. Water is excluded from the outer end of the shaft tube
by a rubber seal on the shaft journal just outboard of the bearing.
This seal is very soft and provides no appreciable axial restraint.
Outside the tunnel, between the end of the shaft tube
and the drive motor, a set of eight slip rings is interposed in
the shaft line. Wires running to and from the dynamometer at the
opposite end pass through the shaft which is bored for that
purpose. This sets another restriction on the length of the shaft.
The Dynamometer
The dynamometer is situated directly adjacent to the
propeller. It consists of a short self-contained, removable,
piece of shafting instrumented with strain gages. The interior is
bored out leaving a stressed element in the form of an annulus with
a thickness nominally of 0.3 mm on a diameter of 26.0 mm. The
strain gages are cemented on the outer surface with their sensitive
elements directly over the thinned section. The axial length of
the stressed section is but 6 mm, just sufficient to enclose the
lengths of the strain gage elements. With this very short length,
even though thin, the dynamometer has very great stiffness, both
axially and torsionally, and its effect on the natural fre-
quencies is very small. This is in contrast to the usual sensi-
tivity v2o. natural frequency contest that appears in dynamic
instrumentation problems.
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FIG. 7.4 DYNAMOMETER
The gages used are of the piezoresistive type with gage
factors of 125. Four gages are installed at 450 to the axis
forming a full bridge for torque measurement. For the thrust
measurement double gages, each containing one element with a
positive gage factor and one with a negative factor are employed.
Only two of these gages are needed and these are placed parallel
to the axis and on opposite sides of the piece. The positive and
negative elements are wired in a full bridge arrangement with
four active legs. With these arrangements, the torque and thrust
bridges are compensated for temperature effects, to which these
gages are particularly sensitive, and are arranged to cancel
effects of bending and side force..
The dynamometer with the gages installed is shown in
Fig. 7.4. The gages and external leads are waterproofed by the
careful application of a soft rubber-like compound. The dyna-
mometer is fitted to the shaft by a taper and drawn tight by a
threaded collar. An eight pin plug at the end of the taper mates
with a receptacle in the shaft for the electrical connections.
The plug is aligned by a pin sliding in a keyway in the taper and
the connections are sealed watertight by an "0" ring.
Electronics Instrumentation
The primary electronic instruments used are a pair of
Peekel strain indicators, one each for thrust and torque. These
are self-contained units which supply a regulated carrier at
1000 cps and 4 volts and contain amplifiers and demodulators which
deliver an output signal of nominally 0.5V for full scale on any
of 4 scale ranges.
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The frequency response of these components as specified
by the manufacturer shows an amplitude characteristic which is
perfectly flat to 100 cps with a very rapid fall off thereafter.
Because of this characteristic, the maximum measuring frequency
was chosen to be 100 cps. The instrument characteristic is taken
advantage of to produce, in effect, a low pass filter which bars
high frequency noise and the effects of high harmonics of the flow
field which might be amplified by the dynamics of the shaft system.
The phase response of the strain indicators was not
specified. This was determined by measuring the time lag between
the output of two strain gages mounted on a flexure being bent by
a vibrator at 100 cps. One strain gage was excited and detected
by the strain indicator under test while the other was excited
with direct current. The outputs of both were displayed simul-
taneously on a dual beam oscilloscope and the time lag read
directly. The time lag is assumed constant for frequencies in the
neighborhood of 100 cps and the phase angles determined according
to the actual measuring frequency. The following gives the perti-
nent data for the sensitivities and time delays of the combined
strain gages and electronics:
Channel #1 Channel #2
Torque Thrust
Time delay @ 100 cps, sec. 3.0 x 10-3 2.7 x 10-3
Equivalent phase angle @ 100 cps, deg. -108 -97
Strain indicator output, V/4e 0.52 x 10-3 0.53 x 10-3
Apparent dynamometer sensitivity
(based on gage factor of 2) 420 pe/kg-cm 420 pv/kg
Overall sensitivity 0.219 V/kg-cm 0.219 V/kg
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The dynamometer sensitivities are the averages of the
results of all the calibrations carried out during the period of
the experiments. The variations were less than 10 in these
numbers. Though it was desired to make the thrust and torque
sensitivities nearly equal by proper sizing of the sensitive
element, the exact equality seen above is coincidental.
The output signals of the strain indicators are displayed
on an oscilloscope one at a time and the RMS amplitudes measured
by a parallel connected alternating current vacuum tube voltmeter.
A direct current VTVM is used to calibrate the strain indicators,
determing the output voltage per micro-strain. An electronic
counter is used to display the propeller speed in revolutions per
second. Figure 7-5 shows the general view of the instrumentation.
Measurement of Phase
Phase angle measurement is accomplished by intensity
modulation marking of the oscilloscope trace. The intensity
modulation is controlled by pulses from a pair of photocells which
are activated by light beams passed through a small hole in a
rotating disk. This disk is geared to the drive motor with a step
up ratio equal to the number of propeller blades. The disk thus
rotates at "blade rate". The photocells and their light sources
are carried by a wheel concentric with the disk axis which is
rotated by hand through a flexible cable and gear until the bright
spots caused by the photocell pulses are located symmetrically
about the positive peaks of the sine waves of the thrust or torque
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F[G. 7.6 INTENSITY MODULATION CONTROL
DEVICE FOR PHASE ANGLE MEASUREMENT
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signal on the oscilloscope. The photocells are placed 150 degrees
apart on the wheel so that the observer can distinguish the posi-
tive from the negative peaks. The procedure is easily implimented
by bringing the bright spots into a single horizontal line on the
scope. Due to the 150 degree spacing of the spots they appear
along a line located above the mean when in phase with the posi-
tive signal.
The angle of the photocell carrier wheel is then read
off an angular scale. Since the disk is rotating at blade rate,
the scale provides 3600 per blade space. The scale can be easily
read to one degree, making quite precise phase angle measurements
possible. The device described above is shown in Fig. 7.6.
The measured angles must be related to angular propeller
position relative to some fixed reference in the tunnel. The zero
reference is taken arbitrarily as a horizontal plane including the
shaft axis. The plane is located by scratch marks on the side win-
dows of the tunnel test section. The blades of the propeller
model were marked near their tips with engraved lines at ninety
degree intervals measured from a prescribed reference on one
blade; in this case a radial line through the midchord at the 0.'(
radius.
The zero angle is then established optically by
illuminating the rotating propeller with a strobe light while
observing the marks on the blade tips through a telescope. The
strobe light is tripped by a third photocell on the carrier wheel
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positioned to bisect the angle between the other two. The
telescope is set up so that a hairline in the eyepiece coincides
with the reference marks on both the front and back windows of
the test section. Peering through the telescope the photocell
wheel is rotated until the blade tip marks coincides with the
hairline and then the angle scale is slid round till the pointer
indicates zero. The telescope and strobe light can be seen in
Fig. 7.5.
It is necessary to carry out this zeroing procedure
for each propeller operating condition because of the changes in
the twist of the shaft drive tube with changes in load. The
procedure provides a reasonably accurate zero angle, since non-
alignment of the tip marks of + 0.5 mm can be easily detected,
resulting, for a propeller diameter of 150 mm, in a blade space
zero angle error of only + 1-5 degrees.
Velocity Field
It was desired to create an axial velocity field
consisting of a uniform stream plus a blade order harmonic
perturbation. Ideally, the perturbation was to be constant with
radius in both amplitude and phase. Harmonic content of numbers
other than the blade number, in this case four, was to be mini-
mized in order to avoid transverse and bending loads on the
propeller and higher harmonics of the blade frequency thrust and
torque.
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In developing the flow fiel, the velocities were
measured with a pitot tube rake connected to a bank of manometers.
The rake enters the test section from the downstream end of the
tunnel and is turned by hand about an axis concentric with that
of the shaft. The angle of the rake is measured in degrees on a
scale at the outboard end. There are pitot static tubes arrayed
along the arms of the rake at radii corresponding to the middle
and edges of the annularly arranged flow nozzles.
The rake was calibrated by towing it submerged in the
Towing Tank at known velocity with the manometer board riding the
carriage. The resulting calibration showed a large variation
between tubes of the velocity constant, presumably due to the
interference of the thick arms of the rake.
Because of the large non-uniformity in the calibration
constants of the tubesthey were employed in the tunnel as impact
or true pitot tubes. A static reference pressure common to all
tubes was taken from four parallel connected static taps in the
tunnel windows at the plane of measurement. The static pressures
measured by the pitot tubes were disregarded. This provided a
large reduction in the amount of labor and time required to read
the manometers and reduce the data. A subsequent check comparing
the velocity field measured with the original and final arrange-
ments showed good agreement except at the innermost radius, pre-
sumably due to the presence of potential flow about the dummy
propeller hub and shaft end.
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When a satisfactory velocity distribution had been
attained, the complete field was measured at all radii at ten
degree intervals for five different impeller speeds; and the
pressure drop across the nozzles recorded as a measure of the
corresponding mean velocities. Finally, the zero angles for the
individual pitot tubes were obtained by sighting the impact hole
of each with the telescope aligned in the reference plane.
The velocity field data recorded were subjected to
harmonic analysis. The amplitude and phase of the velocity
distribution at each measuring radius were obtained for harmonic
numbers from zero to eight. These were computed by application
of trapezoidal rule integration with the ten degree spacing of
the data. The analysis was carried out for each of the five
basic speeds.
The in phase and out of phase components of each
harmonic were each expressed in a fifth order polynomial in the
radius by least square fitting. The polynomials were used to
interpolate for the values at evenly spaced radii for use in com-
putations for the propeller. The harmonic analysis of the field
at the measuring radii for an impeller speed of 420 RPM is shown
in Figure 7.7. Note that the fourth harmonic remains roughly
constant over the outer radii at approximately twenty percent of
the mean velocity.
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The mean velocity corresponding to each impeller speed
case was taken as the volume mean of the zero order velocity as
determined by appropriate integration of the polynomial between
30% and 110% of the propeller radius. The fourth harmonic velo-
city at each radius was then expressed as a fraction of this mean
free stream velocity. This amplitude fraction and the associated
phase angle for the various fractions of the propeller radius are
shown plotted in Figures 7.8 and 7.9 Vra. the mean velocity. The
mean velocities were finally correlated with the observed pressure
drop across the flow nozzles according to the square law.
Conduct of the Experiments and Results
The pxopeller used in the experiments is shown in Fig.
7.10. This is essentially a constant pitch four blade B series
propeller with the following characteristics;
Expanded Area Ratio, EAR 0.59
Pitch Ratio, P/D 0.612
Diameter 150 mm
The dynamometer was calibrated in place both before and
after each run by applying known axial and torsional loads to the
propeller spindle. This was done with the dynamometer submerged
and the water temperature noted. Although there was considerable
zero drift apparent during calibration, the sensitivity was found
to vary little with temperature. The strain indicators were also
calibrated for output voltage after warmup and after the runs,
but before dynamometer calibration.
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The quantities recorded during the runs were the thrust
and torque RMS voltages and phase angles as described, the
pressure drop across the nozzles, the water temperature, and the
screw RPM.
Unfortunately, time allowed but one propeller to be
tested, but runs were made at 100 and 90 cps measuring frequency
corresponding to 1500 and 1350 RPM in order to verify the form of
the dimensionless thrust and torque coefficient used. In each
case, the propeller RPM was held constant while data was taken at
different water velocities corresponding to variations in advance
coefficient and hence steady propeller loading.
The reduced results of the experiments are shown in
Figure 7.11. No significant systematic differences between the
results at the two RPM's are apparent. In general, the thrust
and torque signals displayed on the oscilloscope had the appearance
of quite pure sinusoids without high frequency noise. This is
presumably attributable to the low pass characteristic of the
strain indicators and the mechanical isolation of the shaft from
the tunnel structure at high frequencies.
Several minor difficulties were encountered,however.
Setting the zero for the phase angles proved inconvenient due to
difficulty in distinguishing the blade tip marks through the
telescope. This can easily be remedied with a telescope more
suited to the task; the one used was of the ordinary terrestial
type fitted with an extension tube to permit closer focusing.
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At times, a low frequency irregular disturbance was
added to both the thrust and torque signals. This was not a
modulation of the signals and was definitely proved to be other
than a once per revolution effect, but its frequency could not be
further identified. It has been suggested that this disturbance
is caused by periodic tunnel pressure variations. This occasion-
ally caused difficulty in setting up the phase indication due to
the dancing of the signals and also caused the needle of the VTVM
giving the amplitudes to swing over an arc.
With low water velocity and advance coefficient and thus
high thrust, a distortion of the signals became apparent due to
the presence of higher harmonics. This was presumed due to the
bottoming of the axial coil spring between the diaphragms with
large thrust load and the consequent lowering of the axial
natural frequency.
CHAPTER VIII
RESULTS AND CONCLUSIONS
Computational Arrangements
The proposed analysis has been programmed for electronic
digital computation. The programs have been written in a general
manner which allows either the unsteady strip theory or the low
harmonic number analysis to be used in any particular case as well
as the three dimensional model.
For the latter case, the harmonic analysis of the sum
functions is necessary and the scheme used may be of interest.
The Gauss five point integration rule (29) is used with a basic
arrangement of two five point intervals in the angle between adjacent
blades. In order to deal accurately with the sum functions where
they are sharply peaked at or near 4 = 0 the first basic interval
is subdivided geometrically. This interval is successively halved
according to the following schedule:
No. of blades, K No. times 1st interval halved
1 to 3 5
4 to7 4
8 to 15 3
The last interval is also halved once. Typically, for a four-bladed
propeller this scheme yields thirteen intervals or sixty-five points
available for the harmonic analysis. The sum functions must be
evaluated at each of these points.
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In all the computations in this chapter a five term
Birnbaum series for the radial circulation distribution has been
used. The effect of variations in the number of terms used has not
been investigated. The contribution to the downwash difference of
the bound radial vortex lines is neglected for simplicity since it
is expected to be small for the four bladed propeller considered.
In computations using the three-dimensional analysis, the sum functions
are evaluated in all cases by summing five terms in the series before
entering the Euler-Maclaurin formulas.
The computer programs allow a maximum of twenty panels
over the propeller radius, but sixteen have been used in most cases
in the interest of saving computer time, since that increases roughly
with the square of the number of panels. The effect of the number of
panels used or the panel size has been investigated by computing the
same propeller and inflow case with both sixteen and eight panels.
The overall results have been found essentially the same except at
high harmonic numbers where the results of the eight panel model
behave erratically. It is supposed that this coarse spacing results
in an inaccurate representation because the panel widths are no
longer sufficiently small in comparison to the disturbance wavelength
for large N.
For the zeroth harmonic approximation to the downwash
difference the steady flow induced velocities are computed by a
proven standard formulation of Wrench (35). The steady propeller
thrust and radial circulation distribution so computed are in
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close agreement with the results of the three-dimensional unsteady
analysis at N = 0. Since the radial circulation distribution in
both these methods is represented in the same way, namely by a five
term series, the coefficients of which are determined by least
square solution of equations (4.11), some independent check is
desirable. The circulation distribution has, therefore, been calcu-
lated approximately by the application of the zero hub Goldstein
functions for the optimum propeller (31). Comparison of the circu-
lation distributions shows no important differences.
A Modification of the Model
In the process of numerically testing the analysis, it
became apparent that the results were somewhat sensitive to the
angular position of the reference line relative to the blade. This
was aside from the obvious phase shifts introduced. This behavior
was considered unacceptable and the following modification has been
made to insure the independence of the result from the reference
line position.
The phase of the induced velocity at any radius is
adjusted to take account of the angular shift between the trailing
edge at that radius and the position of the reference line. In the
modified arrangement, the induced velocity is evaluated on the
radial vortex line as if it passed through the trailing edge at the
radius in question. This insures that at that radius the vorticity shed
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from the trailing edge is in the proper phase relationship to the
circulation. This is only approximately true for the sections at
other radii because of the generally non-radial trailing edge shape.
If the reference line is now moved off the trailing edgewe must
insure that the induced velocity at the trailing edge remains
unchanged, because in reality it has nothing to do with the position
of the arbitrary reference line.
If the reference line is moved forward on the blade, the
induced velocity on it must lead that at the trailing edge by the
angle k sT, still assuming the induced velocity is sinusoidally
distributed chordwise. This may be written:
w(o) = w(sT)e T
(8.1)
where 7(o) is the induced velocity at the reference line, wherever
it may be, and w(sT) is the induced velocity as it has been computed
before this modification. The coordinate of the trailing edge sT is
dimensionless on the basis of the semichord length at the radius in
question and is given simply by:
s = 1 + sm
(8.2)
in terms of the midchord coordinate used in the skew correction
(4.18). This phase shift is applied at each radius where the down-
wash difference is evaluated.
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Analysis of Some Results
A set of calculations has been made for the purpose of
comparing the predictions of the strip theory, low harmonic number
approximation and the proposed three-dimensional analysis. The
propeller used in the experiments of Chapter VII, shown in Fig. 7.10,
has been used in these calculations. Axial inflow perturbations
with constant amplitudes and zero phase over the radius and of
various harmonic numbers are used in all cases. All results are
linear with the amplitude of these perturbations.
The strip theory results are those obtained by requiring
the downwash difference matrix of (4.11) to be zero. The radial
circulation distributions obtained by this means are not purely
stripwise since they are fitted in a least square sense to a series
by the solution of the simultaneous equations. The radial lift
distribution, however, is determined independently of the circulation
in a stripwise manner.
The thrust per blade and its phase angle as computed by
the three methods are shown in Figures 8.1 and 8.2 for various
harmonic numbers. It is immediately obvious that the strip theory is
very much in error for N = 0. Here the three dimensional analysis
and the low harmonic number approximation agree and both represent
the steady flow lifting line model.
With increase in the harmonic number, the strip theory
result decreases rapidly while the three dimensional thrust first
increases slightly from its initially lower value and then decreases.
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The N = 0 approximation results in a steadily decreasing thrust with
increase in N.
For high harmonic numbers, the strip theory and three-
dimensional analysis tend to converge in amplitude, but maintain a
nearly linearly increasing phase difference. The N = 0 approximation
is in closer phase agreement with the 3D analysis, but the amplitude,
though converging, remains low over the entire range of N.
The convergent behavior of the strip theory and the three-
dimensional analyses is seen to be reasonable in light of the varia-
tion of the circulation with the reduced frequency. Inspection of
Figure 4.3 shows that the circulation amplitude decreases sharply
with frequency. Regarding equation (4.11), it is seen that the
strip theory term, represented by f njGj, then increases in magni-
tude with N, thereby rendering the downwash difference relatively
unimportant. The same can be said for the N = 0 approximation, but
since the downwash difference is overestimated by the zero order
approximation, the resulting thrust value is further lowered. The
thrust values predicted by the strip and 3D analyses are in good
agreement in amplitude for N = 5 or greater.
The radial variation of the reduced frequency of this
propeller is shown in Figure 8.3 for the X value used.
In order to demonstrate the behavior with blade area or
aspect ratio, another set of calculations have been made for this
propeller with the chord lengths halved. The skew line is kept the
same.
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The resulting amplitudes and phases according to the three
different analyses are shown in Figure 8.4. The general behavior of
the three results is the same as for the full width blade. The phase
angle, however, does not reach a maximum within the range of har-
monic numbers considered.
Of greater interest, perhaps, are the comparisons between
the three and two dimensional analyses for both screws. The ratio
of the thrust predicted by the 3-D analyses to that of the strip
theory is plotted in Fig. 8.5 for both screws. Assuming that the
3-D analysis is correct, these give a measure of the accuracy of the
strip theory. At N = 5 it can be seen that the strip theory predicts
a thrust only ten percent greater than the 3-D analysis. The effect
of aspect ratio on the 3-D/2-D thrust factor is seen to be largest
at zero frequency and to become less important as the harmonic number
increases. The erratic behavior of the curve for the original
propeller beyond N = 7 is considered an indication that the geo-
metrical approximations made in the three-dimensional analysis are
inadequate for these high frequencies and corresponding short wave-
lengths. Though the deviation is less marked for the higher aspect
ratio case, it does not seem likely that in reality the lift would
be greater than predicted by strip theory. The portion of the curve
for the half area propeller at and beyond N = 7 is thus also con-
sidered of dubious value. The phase angle differences between the
three and two dimensional analyses for the two different blade areas
are also shown in Figure 8.5, and are seen to reflect the behavior
indicated above.
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Comparison of these curves with similar ones given by
Shioiri and Tsakonas (17) show less dependence on aspect ratio than
the latter and considerably less correction for three-dimensional
effects. Definite conclusions cannot be drawn, however, until
comparitive computations are made for identical blade shapes and
pitch ratios.
An interesting observation may be made by superimposing
the amplitude results of Figure 8.4 on those of Figure 8.1. The
amplitudes predicted by all three methods are seen to be lower for
the narrow bladed propeller at low frequencies, but the reverse is
true at high frequencies, the crossover point being in the vicinity
of N = 4 to 5.
Though predicting phase angles in good agreement with the
three-dimensional analysis, the zeroth harmonic approximation is
inferior to a quasi-steady analysis for amplitude prediction with
low harmonic numbers.
Comparison with Experiment
The blade frequency propeller thrust and torque have been
computed by the three-dimensional and strip theory methods for com-
parison with the experimental results of Chapter VII. The fourth
harmonic velocity fields described have been used over a range of
values of the advance coefficient covering the experimental range.
The experimental and computed results are shown in Figure 8.6.
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The behavior with the advance coefficient of both the
computed and experimental results are seen to be generally the same.
This propeller has a pitch ratio of 0.612 so that, unfortunately, the
experimental results for the most part cover a range of advance
coefficients in which the propeller is heavily loaded. For compari-
sons to be valid under the lightly loaded assumptions of the theory
attention must be restricted to the results in the region of the
highest values of J.
Regarding the amplitudes, it is seen that the strip theory
overestimates both the thrust and torque while the three-dimensional
analysis underestimates them. The strip theory is closer to the
experimental thrust than the three-dimensional analysis, while the
reverse is true for the torque. At J = 0-55, the 3-D thrust is in
error by 13%, while the torque is in error by 6%.
Regarding the phase angles, the three-dimensional values
are seen to lead the experimental by roughly 450 while the strip
theory prediction leads by roughly 250 at J = 0.55. In the lightly
loaded approximation the phase of both the thrust and torque are the
same, hence, but one line is shown for each of the two analyses while
the experiments result in a phase difference between the components.
The large difference between the computed and experimental
phase angles is disturbing. However, it may be noted that a raising
of the experimental phase angles by 400, putting them into agreement
with that value computed by the 3-D theory, requires an angular
velocity of rotation of the propeller tunnel stream of less than
three quarters of one percent of that of the propeller.
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It may be noted that the relation of 2-D and 3-D values in
the experimental flow field are the same as in the ideal field of
Figures 8.1 and 8.2 at N = 4 and X = 0.2. In both, the strip theory
predicts greater forces than the 3-D analysis while the 3-D force
leads the other in phase. The experimental amplitudes are seen to
fall somewhere between the two theoretical predictions.
Conclusions
The three-dimensional analysis presented here appears to
have the proper behavior with regard to frequency. The predicted
blade thrust is in agreement with that of the steady flow lifting
line model at zero frequency and converges to the strip theory result,
at least for amplitudes, for high harmonic numbers. The phase dis-
crepancies between the three-dimensional analysis and the strip
theory at high harmonic numbers is believed due to the inadequacy of
the three-dimensional model for disturbances of short wavelength.
The strip theory analysis is greatly in error at low
harmonic numbers, but in the case of the four bladed propeller
considered may be in error by only 15% at the blade frequency. The
strip theory consistently predicts larger loads than the three-
dimensional analysis. At high harmonic numbers with narrow blades
the slightly greater thrust predicted by the 3-D theory is believed
inaccurate.
The proposed approximation to the downwash for low
harmonic numbers predicts thrust phase angles that are in good
agreement with the three-dimensional analysis. However, a quasi-
steady lifting line method results in better amplitude agreement
at the low harmonic numbers.
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Comparison with applicable and dependable experimental
data shows that both the three-dimensional analysis and the strip
theory predict reasonably accurate blade frequency thrust and torque
for the case considered. Comparison of the experimental and computed
phase angles, though showing significant discrepancies, is inconclu-
sive because of the possible presence of rotation of the stream in
the experiments. The experimental data helps little in deciding
whether the strip or 3-D theory is most accurate at the condition
considered because of the closeness of their predictions. Experiments
designed to be more revealing in this respect are required. Neverthe-
less, it seems possible to compute the unsteady loads with error of
the order of ten percent by either scheme for the case considered.
Precise definition of the range of applicability of strip
theory and the range of necessity of three-dimensional analyses must
await a series of comparative computations which take into account
variations of the important parameters such as harmonic number, blade
area, number of blades, and blade shape.
Examination of the angular distribution of the contributions
to the induced velocities shows that the effect of the helical nature
of the flow field, which has been the subject of much concern, is
not of great importance. As in unsteady wing theory, the significant
induction effects are due primarily to the near field.
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APPENDIX A
DERIVATION OF TIE CIRCUIATION OF AN AIRFOIL IN
SINUSOIDAL GUSTS
Consider a flat plate two-dimensional airfoil of chord
length 2b flying horizontally with zero average angle of attack with
velocity U through a series of vertical sinusoidal gusts of ampli-
tude w . Let the leading edge be the origin of coordinates and
denote dimensional quantities by primes.
The vertical velocity due to the gusts at position x' of
the foil chord at time t is given by:
w' (x',t) = e(tX/)
(A.1)
Now making the x coordinate dimensionless on the basis of b:
x' = bx
Vjx'f/U =(2)x =kx
(A.2)
this becomes:
*
- iwt -ikx
w'(x,t) = w'e e
(A.3)
The boundary condition for the flat plate airfoil at zero
angle of attack, where the normal velocity induced at the airfoil by
its own bound vorticity is denoted w., is written simply:
w (x) + w. (x) = 0 (0 < x < 2b)
(A.4)
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If now the quasi-steady bound vorticity over the chord of
the foil is given in the form of a complex Birnbaum series: (27) (28)
y = 2A cot + 2 A sin n
o0 n
(A.5)
where:
x = 1 - cos *
(A.6)
then the induced velocity is given by:
i0
= - + i cos n
U 
n=l
(A.7)
Using the dimensionless form of the velocities:
w. = w. U
1. 1w
w = w U
(A.8)
the boundary condition may be rewritten:
- A + Acos n
n=1
* = 0
(A.9)
* *
(w e ')e =osA - )i A cos n *
(A.lo)
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*
- - ikx
w e
or:
Now the circulation is given by: (27)
- I
r
2ffbU
= o = A+ lA
2,T 2
(A.ll)
so we must solve for the coefficients A and A . Multiplying
both sides of (A.lO) by dt and integrating from 0 to r there results:
- - -ik ik cos
nA = w ekS e dt
0 (A.12)
or: (30)
*
o i
(A.13)
Multiplying both sides of (A.l0) by cos $ d4 and
integrating from 0 to r there results:
TT
A= - w e eik cos * d*1
(A.14)
or: (30)
*
A1 -1
(A.15)
The dimensionless quasi-steady circulation is therefore
given by:
(A.16)
- 129-
-1*
= e -ik il k
The above is with respect to the gust velocity at the
leading edge. Shifting the origin to the midchord this becomes:
= Lo (k) - iJ1 (*)
(A.17)
Now according to Kemp ( 22) the unsteady circulation is
directly derivable from the quasi-steady circulation by the formula:
=
us qs
*
e-ik s(k)
(A.18)
where S(k) is the Sears function:
S(k) = 1/ik Ko(ik) + K(iik)
(A.19)
Forming the product of (A.18) there results:
us
2rnw
= -i LJo (*k) - i J1 (*k)]
=_-i_ -ik
kLKo(ik) + K1(ik)
(A.20)
which is equivalent to (4.20) whth sm = 0
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APPENDIX B
FORM OF THE RADIAL VORTICITY INTEGRAND FOR
SMALL p at 1 = 1
Consider the integrand of (3-15) exclusive of the factor
-
iNe-i'. As Cp -. 0 with f1 < 1 < $2, the evaluation of the bracketed
expression becomes:
- cosp
$2 - 1 + CP2 2
1 (7 _1) 2 + + 2) 2-1/2(22 (+ 22 /2
(2-1) + C2 2 +
( 2-)2 + ( 2+p 2 1/2
- 1- 1+ p2 /2
L(711 )2 + (7 +p2 ) T2 1/2
S+ 2
L('92 + ('n+p 2 ) c 2 j1/ 2
(B.1)
Expanding the denominators by the binomial theorem:
(92)2 + 2+p
2 ) 2-1/2
= C2 ( 1)1 2~ 1 7 )-3 (-n2 + p 2 ) P2i 22 2
+ 'a ( -I (7n2+p2) (p4 .-
(B.2)
and:
- -j/2
(- )2+ (7 +p2 2] = (1-r11f1 - 1 (- -3 ( T +p2  2
2
+ 3 (1-1)~ ('l+p 2 ) 2 CP - ....
(B.3)
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The right hand side of equation (B.1) may now be written:
1 - (71-1)-2 (+p 2) (2 + 3 ~ 2 + 2) 2 
+ 1- l (1-7 )~2 (n1+ 2) p 2 + 3(1-') ('+p2 )2 Ip4........
+2 (T21) 4
-p (1-T )- + 4
= 2 + 2
4
( 1
-(72-1
(9 +p 2
L-T~ )3
2-) 3  2 + 36 5)-5( 2 227-) (7+p ) +~ 7 ((rn,2 2+p)-
(1-n) 3 2 36 -5 2 2
1
(ri2+p 2)
2_1)3
2(7 2~ +p
7712-1)L
+
2
+......
(rn+p 2
(rn2+p2 )2
Cn2- 4
2
+ Cp1 ----- .....
= 2 + ACp2 + 4 + ......
(B.4)
As cp -. 0 the factor on the left in (3.15) becomes:
sin p + p cp cos C
sin2 + p 2 p
(B.5)
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1_ (1+ 3P2
(1 + )
Forming the entire expression, there results:
sinCp + p cp cos p-cosp
sincp + p2 2 2 - 2T cosp + p2 p2 + 1)1/2
A - + + CP B - A I + )
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Cp + . . (B.6)
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